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Abstract 

The paper concerns the classification problem of a subclass of complex filiform Leibniz algebras 
in dimensions 7 and 8. This subclass arises from naturally graded filiform Lie algebras. We give a 
complete list of isomorphism classes of algebras including Lie case. In parametric families cases, the 
corresponding orbit functions (invariants) are given. In discrete orbits case, we show representatives 
of the orbits. 
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1 Introduction 

Leibniz algebras were introduced by J. -L. Loday [S],[B]. A skew-symmetric Leibniz algebra is a 
Lie algebra. The main motivation of J. -L. Loday to introduce this class of algebras was the search 
of an "obstruction" to the periodicity in algebraic AT— theory. Besides this purely algebraic motivation, 
some relationships with classical geometry, non-commutative geometry and physics have been recently 
discovered. The present paper deals with the low-dimensional case of subclass of filiform Leibniz algebras. 
This subclass, arises from naturally graded filiform Lie algebras. 

Definition 1.1. An algebra L over a field K is called a Leibniz algebra, if its bilinear operation [■, ■] 
satisfies the following Leibniz identity: [x, [y, z]] = [[x, y], z] — [[x, z],y], for any x,y, z G L. 

Onward, all algebras are assumed to be over the fields of complex numbers C. 
Let L be a Leibniz algebra. We put: 

L 1 = L, L k+1 = [L k ,L], k> 1. 

Definition 1.2. A Leibniz algebra L is said to be nilpotent, if there exists s G N, such that 

L X DL 2 D ... D L s = {0}. 

Definition 1.3. A Leibniz algebra L is said to be filiform, if dimL 1 = n — i, where n = dimL, and 

2 < i < n. 

We denote by Leib n the set of all n— dimensional filiform Leibniz algebras. 

The following theorem from [1] splits the set of fixed dimension filiform Licbniz algebras in to three 
disjoint subsets. 

Theorem 1.1. Any (n+1) — dimensional complex filiform Leibniz algebra L admits a basis {eo,ei, ...,e„} 
called adapted, such that the table of multiplication of L has one of the following forms, where non defined 
products are zero: 



FLeib n+1 



[e ,e \ = e 2 , 

[e;,eo] = e i+ i, l<i<n - 1, 

[e , ei] = a 3 e 3 + a 4 e 4 + ... + a„_ie„_i + 0e n , 

[ej,ei] = a 3 e J+2 + u^e^+j, + ... + a„ + i_je„, 1 < j < n - 2, 

a 3 , a4, a„, 9 E C. 
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SLeibn+i = < 



[eo,e ] = e 2 , 
[ei, e ] = e i+ i, 

[e , ei] = /3 3 e 3 + /3 4 e 4 + ... + 
[ei,ei] = 7e„, 

[ej, ei] = /3 3 e 3 - +2 + faej+s + 



"I - Pn+1— j^ti 



2 < i < n - 1, 



2 < j < n - 2, 



TLeib n+ i = < 



[ei,e ] : 
[eo,ei] : 
[eo,e ] 
[eo,ei] 
[ei,ei] 



-ei+i, 
: fro,o e m 

: -62 + ^0,l e "' 



1 < i < n - 

2 < i < n 



a i,j e i+j+l 

-[ej,ei], 



[ei , ej 

where 6^- G C, 6j 



l<i < j <n — 1 , 
1 < i < j < n - 1, 

( 1) ^i,n-if-ni 

.j = 6 whenever 1 < z < n — 1, and 6 = for even n. 
It should be mentioned that in the theorem above the structure constants ct 3 , a.±, a n , 9 and 
(3 3 , /?4, /3 n , 7 in the first two cases are free, however, in the third case there are relations among afj, bij 
that are different in each fixed dimension (see Lemma 2.1 and Lemma 2.2). According to the theorem 
each class has the so-called adapted base change sending an adapted basis to adapted and they can be 
studied autonomously. The classes FLeib n , SLeib n in low dimensional cases, have been considered in [5], 
[9]. The general methods of classification for Leib n has been given in [1], [2] and [7]. This paper deals 
with the classification problem of low-dimensional cases of TLeib n . 

Note that the class TLeib n contains all n— dimensional filiform Lie algebras. 

The outline of the paper is as follows. Section 1 is an introduction to a subclass of Leibniz algebras 
that we are going to investigate. Section 2 presents the main results of the paper consisting of a complete 
classification of a subclass of low dimensional filiform Leibniz algebras. Here, for 7- and 8-dimensional 
cases we give complete classification. For parametric family cases the corresponding invariant functions 
are presented. 

Definition 1.4. Let {eo,ei, ...,e„} be an adapted basis of L from TLeib n +\. Then a nonsingular linear 
transformation f : L — > L is said to be adapted if the basis {/(eo), /(ei), ...,/(e„)} is adapted. 

The subgroup of GL n+ \ consisting of all adapted transformations is denoted by G a d- The following 
proposition specifics elements of G a d- 

Proposition 1.1. Any adapted transformation f in TLeib n+ i can be represented as follows: 

n n 

f(eo) = e' = ^2A l e t , f{ei) = e 1 =^ j B l e i , f{e i )=e' i = [f(e i -i),f(e )], 2 < i < n, 



i=0 



i=l 



Aq, Aj, Bj, — 1, ...,n) are complex numbers and Aq Bi(Aq + A±b) =/= 0. 

Proof. 

Since a filiform Leibniz algebra is 2-generated (see Theorem 1.1.) it is sufficient to consider the 
adapted action of / on the generators eo, ei : 



/(eo) 



i=0 



f(ei 



i ^ i 



Then /(e ? ) = [/(e^r), /(e )] = A^A^o - A Bi)e 



2^ (*) e i> 



2 < i < n. 



Note that A 7^ 0, (A 1 B Q - AqB{) ^ 0, otherwise /(e n ) = 0. The condition A B 1 (A a + Aib) ^ appears 
naturally since / is not singular. 
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Let now consider [/(ei), /(e 2 )] = Bq (A\ Bq — Aq B\) e 3 + ^~](*)ej. Then for the basis 
{/(eo),/(ei), /(e„)} to be adapted -Bo(^i£? — ^o-Bi) = 0. But according to the observation above 



{AiBq - AqB x ) ^ 0. Therefore B a = 0. 

In G ac i we specify the following transformations called elementary: 

= aeo + bei, 



□ 



-(a,6,c) = 



cr(a, k) = 



(j)(c, k) = 




= cei, 

) = [T(ei),r(e )], 

= e + ae fe , 
= ei, 

1) = [o-(ei)!O-(e )], 
= e , 

= ei + cet, 
e»+i) = [0(ei),^(e o )], 



ac^ 0, 

1 < j < n - 1, 

2<k<n, 

1 < i < n - 1, 

2 < fc < n, 
1< i < n - 1, 



where a, 0, c G 



Proposition 1.2. Lei L 6e an algebra from TLeib n +i, then any adapted transformation f can be repre- 
sented as the composition: 

f = <f>(B n ,n) o </>(B n _i,n -l)o ... o <f>(B 2 , 2) o a(A n ,n) o o-(A„_ 1; n - 1) o ... o cr(yl 2 , 2) o T (A , A u Bi). 
Proof. The proof is straightforward. □ 
Proposition 1.3. The transformations 

g = 0(S n ,n)o0(5„_i,n-l)o0(5 n _ 2 ,n-2)oa(^ n ,n)ocr(A n _i,n-l)ocr(^4 n _2,n-2)ocr(A n _3,n - 3), 
if n even, and 

g = (j)(B n , n) o cj)(B n —i, n — 1) o cr(A„, n,) o er(A n _i, n — 1) o er(y4 n _ 2 , n ~ 2), /or odd n 
does not change the structure constants of algebras from TLeib n+ \. 

Proof. Let us prove the assertion when n is even. 

• Consider the transformation, 

o-(eo) = eo + A„_ 3 e n -3, 
a(A n - 3 ,n - 3) = { cr(ei) = ei, 

cr(e i+ i) = [o-(e 4 ),cr(eo)], 1 < i < n - 1. 

To show that the transformation cr(A„_ 3 , n — 3), does not change the structure constants, note that 
o- (e 2 ) = e 2 + (*) A„_ 3 e„-i + (**)A„_ 3 e„, cr (e 3 ) = e 3 + (*) A„_ 3 e„, and cr (e,) = e i} V i > 4, and 
by a simple computation one can see that the transformation cr(A„_ 3 ,n — 3) does not change the 
structure constants. 

• The transformation o~(A n ~2,n — 2), does not change the structure constants, because cr(e 2 ) = 
e 2 - A„_ 2 (*) e n , and er(ej) = a, V i > 3. 

• For the transformation a(A n -\,n — 1), it is enough show that er(e 2 ) = e 2 , note that u(e 2 ) = 
[o"(ei), er(eo)] = e 2 + A„_i[e„_i, ei], since n is even then [e„_i,ei] = 0, and hence tr(e 2 ) = e 2 



It is easy to see that a(A n ,n), does not change the structure constants. 
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Analogously, we check that <p(Bk, k) does not change the structure constants, when n — 2<k<n. 
Consider the transformation 

!0(eo) = e , 
cj>(ei) = e l + B k e k , n — 2 < k < n, 

0(e;+i) = [^(ei),<?i(eo)], l<«<n-l, 

• If k = n — 2, then 

0(e 2 ) = e 2 + £?„_ 2 e n _i, 4>{e 3 ) = e 3 + 5„_ 2 e„, 0(e*) = e,-, where i > 4. 

A simple computation shows that 0(-B„_ 2 ,n — 2) docs not change the structure constants. 
Note that [<f>(ei), 4>{e 2 )} = [e\ + -B„_ 2 e„_ 2 , e 2 + £„_ 2 e n _i] 

= [ei, e 2 ] + B„_ 2 [ei, e n _i] + B„_ 2 [e„_ 2 , e 2 ] + B^_ 2 [e n _ 2 , e n _i] = [ei, e 2 ] , 

(here [ei,e„_i] = [e„_ 2 ,e 2 ] = 0, since n is even). 

• If k = n — 1, then we get <^(e 2 ) = e 2 + -B„_ie„, 0(ej) = ej, where i > 3. 
Consider the bracket 

[0(e o ), 0(ei)] = -0(e 2 ) + &o,i e n; 

and then 

[e , ei + S„_ie„_i] = -e 2 - S„_ie„ + 6^ e„, 

implies that 

— e 2 + 6o,i e„ - B n -\e n = — e 2 - S„_ie„ + 6q,i e m 

therefore &£, x = 6q,i- 
The chain of equalities 

[0(ei),0(ei)] = o' M <, 
[ei + B n _ie„_i, ei + -B„_ie n _i] = b lx e n , 
[ei,ei] + S„_i[ei,e, 1 _i] +B„_i[e„_i,ei] = e„, show that b' 11 =b 1 .i. 

One easily can see that 

[<^>(ei),0(e 2 )] = [ei + B n _ie„_i,e 2 + B„_ie„] = [ei,e 2 ] + S n _i[ei,e„] + B„_i[e n _i, e 2 ] = [ei,e 2 ]. 

• If k = n, it is obvious. 

□ 

The following lemma from |10j keeps track the behavior some of the structure constants under the 
adapted base change. 

Lemma 1.1. Let {eo, ei, e„} — > {e' , e' 1; e' n } be an adapted base change, bo,o, 6o,i, &i,i 5 ••• 
&d o, 6q l, 6i i, ... &e £/ie respective structure constants. Then for b' , b' 1 and 6' x j one /ias 
fe/ = ^ofeo,o + A)^i6 ,i +A\b ltl y = ^ 6q,i + 2A x b hl y = Bjh^i 

The next sections deal with the classification problem of TLeib n in dimensions 7 and 8. Here, to 
classify algebras from TLeihj and TLeibg we represent them as a disjoint union of their subsets. Some of 
these subsets turn out to be single orbits, and the others contain infinitely many orbits. In the last case, 
we give invariant functions to discern the orbits. 
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2 The description of TLeib n , n = 7, 8. 

2.1 Isomorphism criterion for TLeibj 



Any algebra L from TLeibr can be represented as one dimensional central extension (C(L) =< e§ >) of 
6-dimensional filiform Lie algebra with adapted basis {eo, e±, e$] (see Theorem ll.l[) and on the adapted 
basis {eo, e±, e^} the class TLeibj can be represented as follows: 

1 < i < 5, 

2 < i < 5, 



TLeibj 



[e,,e ] 


= e, + i, 




[eo,e<] 


= — ei+i, 




[eo,e ] 


= fro,o e 6, 




[eo,ei] 


= -e 2 + 6 0: ie 6 , 




[ei,ei] 


= &i,ie 6 , 




[ei,e 2 ] 


= -[e2,ei] = ai i4 e 4 + 


ai,5 es + &i, 2 e 6 


[ei,e 3 ] 


= -[e3,ei] = ai i4 e 5 + 




[ei,e 4 ] 


= -[e4,ei] = -a 2 , 5 e 5 


+ &l,4 e 6 ; 


[e2,e 3 ] 


= -[e3, e 2 ] = a 2i5 e 5 + 




[ei,e 5 ] 


= -[e5,ei] = 6i i5 e 6 , 




[e 2 ,e 4 ] 


= -[e4,e 2 ] = 6 2 , 4 e 6 . 





The next lemma specifies the set of structure constants of algebras from TLeibj. 

Lemma 2.1. The structure constants of algebras from TLeibj satisfy the following constraints: 

1. 6i, 3 = ai j5 , 2. bi A = 01,4 - &2,3, 3. 61,5 = 6 2 , 4 = a 2 ,5 = 0. 

Proof. The relations easily can be found by applying the Leibniz identity to the triples of the basis vectors 
{e , ei, e 2 }, {e , e 1; e 3 } {e , e 2 , e 3 }, {e , e x , e 4 }, and {e x , e 2 , e 3 }. □ 



Further unifying the above table of multiplication we rewrite it via new parameters 
£0,0100,1,01,1,01,2,01,3,01,4,02,3 as follows: 

1 < i < 5, 

2 < % < 5, 



TLeibj 



' [ei, e ] 


= e»+i, 




[eo,Oi] 






[eo,e ] 


= Co, 0^6 , 




[eo,ei] 


= -e 2 + c ,ie 6 , 




< [ei,ei] 


= ci,ie 6 , 




[ei,e 2 ] 


= -[e 2 , ei] = ci i2 e 4 


+ ci,3 e 5 + ci ;4 e 6 


[ei,e 3 ] 


= -[ e 3, ei] = ci i2 e 5 


+ ci, 3 e 6 , 


[ei,e 4 ] 


= -[e 4 , ei] = (ci, 2 - 


c 2 , 3 )e 6 , 


. [e 2 ,e 3 ] 


= -[e 3 ,e 2 ] = c 2 , 3 e 6 . 





An algebra from TLeibj with parameters co,o, Co,i, Ci,i, Ci, 2 , Ci, 3 , ci i4 , C2, 3 is denoted by L(C), where 

C = (C ,0i 00,1, Ci,i, Ci,2, Ci,3, ci, 4 , c 2:3 ). 

The next theorem represents the action of the adapted base change to the parameters 
co,o, Co,i, ci,i, ci,2, ci, 3 , 01,4, c 2 , 3 of an algebra from TLeibj. 

Theorem 2.1. (Isomorphism criterion for TLeibj) 

Two filiform Leibniz algebras L(C) and L(C), where C = (co,o, co,i, Ci,i, Ci, 2 , Ci, 3 , Ci,4, c 2)3 ) 
and C = (c' Q , c 01 , c[ 1s c' 12 , c[ 3 , c' x 4 , c' 2 3 ), from TLeibj are isomorphic if and only if there exist 
Aq, Ai, Bi, i?2, B 3 G C : smc/i £/iai AqB\ ^ and i/ie following equalities hold: 
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1 

c 0,0 


4n 2 Tn n 4- /4n ,4 i Tn i -1- Ai 

^0 c 0,0 ^ 1 0^ 1 1 L 0,1 i ^1 

A> 5 Si 


2 Cl 1 

* 


(1) 


c 0,l 


2AiCi i + A c i 
V 




(2) 


1 

c l,l 


A 5 ' 




(3) 


^1,2 


A 5 ' 
^0 




(4) 


c l,3 


Bi (A c h 3 + 2Ai ci )2 2 ) 






C 1.4 


4o 2 Bi 2 ci !4 + V(6 2 2 - 


- 2Si S 3 ) c 2:3 + Bi 2 (5 ci,2 - c 2 , 3 ) ci, 3 - -Bi ci, 2 2 ) 


(0) 


C 2,3 


SiC 2j3 
V ' 




(7) 


"If" 


part. The equations (l)-(3) 


occur due to Lemma 11.11 (remind that in this case n is 


even 



therefore 6 = 0). 

Notice that according to the Proposition ll .21 and 11.31 the adapted transformation in TLeib? can be 
taken in the form 

e o = /( e o) = A e + Ai ei, 
e[ = /(ei) = Si ei + S 2 e 2 + S 3 e 3 , 
e i+i = /( e i+i) = [/( e i)> /( e o)], 1 < i < n - 1, 

where Ao Si 7^ or more precisely as follows: 

e' = Aoeo+Axe-i, 

e'i = Si ei + S 2 e 2 + S 3 e 3 , 

e 2 = AoSie 2 + AoS 2 e 3 + ( J 4oS 3 -^iS 2 ci i2 )e4-Ai(S 2 ci, 3 + S 3 ci, 2 )e 5 

+Ai (Sici,i - S 2 ci j4 - S 3 ci j3 ) e 6 , 
4 = A 2 Si e 3 + (A§S 2 - A AiSic ll2 ) e 4 + (A 2 S 3 - 2 A AiS 2 ci, 2 - AoA^c^es 

+{-Ai {-A x B-2c\ 2 + AiS 2 ci, 2 c 2 , 3 + A SiCi i4 + 2 J 4 S 2 c 1>3 + 2 A S 3 ci, 2 - A S 3 c 2i3 ))e 6 , (8) 

4 = ^Si e 4 + (A 3 B 2 ~ 2 A 2 ^iSiCi, 2 )e 5 + 

(AlB 3 - 2 Ai^SiCi.3 + AvA\B x b\ a - A VSici, 2 c 2 , 3 - 3 A 1 A 2 B 2 c h2 + A 2 AiS 2 c 2 , 3 )e 6 , 

e' 5 = A*B 1 e 5 + (A 4 Q B 2 -3A 1 A 3 Q B 1 c 1 . 2 + A 1 A 3 B 1 b 2 , 3 )e 6 , 
e' 6 = AlB l£6 . 

Consider 

[ei, e 2 ] = A Si 2 (ci, 2 e4 + ci, 3 e 5 + ci )4 e 6 ) + A SiS 2 (ci, 2 e 5 + ci i3 e 6 ) + Si(A 2 Sici, 2 - AiS 2 ci, 2 + 
A B 3 ) (ci )2 - c 2i3 ) e 6 + A S 2 2 c 2 , 3 e 6 - A SiS 3 c 2i3 e 6 = c[ 2 e\ + c' 13 e' 5 + c' 1A e' 6 . 

Now bearing in mind (8) and equating the coefficients of e4,es and e§ we get the equalities (4), 
(5) and (6), respectively. The last equality follows from 

[/(e 2 ),/(e 3 )]=c 2)3 /(e 6 ) =^ i 3 Bi 2 c 2 , 3 e 6 = c^VSiee = 
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"Only if" part. Let the equalities (l)-(7) hold. Then the above base change is adapted and it 
transforms L(C) to L{C). 
Indeed, 

[e' ,e' ] = [A e + Aid, A e + Aid] 

= Al[e ,e ] +y4 A 1 [e ,e 1 ] +^4 ^i[ei,e ] +Aj[e 1 ,e 1 ] 

= (Alcofi + A Aic ,i + AiCi,i) e 6 = c^^A^B^e = c' 0fi e' 6 . 

[e' ,e[] = [A Q e Q + Atet, B x e\ + B 2 e 2 + B 3 e 3 ] 

= A Bx (-e 2 + c ,ie 6 ) - A B 2 e 3 - A B 3 e 4 + AiBiCi,ie 6 + A 1 B 2 {ci, 2 e i + ci, 3 e 5 + ci, 4 e 6 ) + 

Aii? 3 (ci i2 e 5 + ci i3 e 6 ) 
= -(A B 1 e 2 + A Q B 2 e 3 + (A B 3 - A x B 2 c x%2 ) e 4 - A x (B 2 c x , 3 + B 3 c h2 ) e 5 + 

Ai (Sici,i - B 2 ci,4 - B 3 ci, 3 ) e 6 ) + B x (A c ,i + 2 A\c x ,\) e 6 
= -e 2 + -4o B i c o,i e 5 = _e 2 + C 0,l e 5- 



[e' l5 e'J = [Bid + 5 2 e2 + #363, -Biei + B 2 e 2 + B 3 e 3 ] = [Biei,Bie{\ = Bfci^ee = A^Bic^ a e 6 = c' x 4 eg. 

The brackets [e^, e 2 ], [e' 1; e 3 ], [e' 1; e^] and [e 2 , e 3 ] can be gotten similarly. □ 
The next section deals with the classification problem of TLeibj. 

2.1.1 Isomorphism classes in TLeibj 

In this subsection we give a list of all algebras from TLeibj. 
Represent TLeibj as a union of the following subsets: 
U) = {L(C) € TLeibj : c 2 , 3 ^ 0, c hl # 0}; 

= {L(C) G TLeibj : c 2 , 3 ^ 0, Cl ,i = 0, Co,i # 0}; 
?7| = {i(C) G TLei& 7 : c 2 , 3 ^ 0, c w = c .i = 0, Ci, 2 ^ 0, c . ^ 0}; 
C/t 1 = {L(C) € TLei& 7 : c 2 , 3 ^ 0, C1.1 = c .i = 0, Ci, 2 ^ 0, c . = 0}; 
C/ 7 5 = {L(C) G TLei& 7 : c 2 , 3 ^ 0, c w = cq.i = Ci )2 = 0, c ll3 ^ 0}; 
^7 = {-^(C) € TLeib 7 : c 2i3 7^ 0, c M = c ,i = c lj2 = c li3 = 0, c , 7^ 0}; 
f/J = {L(C) G TLeib 7 : c 2 , 3 7^ 0, C1.1 = c .i = c i>2 = c 1]3 = c . = 0}; 
C/ 7 8 = {L(C) G TLei& 7 : c 2 , 3 = 0, Cl , 2 ^ 0, c M ^ 0}; 
C/, 9 = tL(C) G TLei&7 : , = 0, c x , 2 ^ 0, c M = 0, c ,i 7^ 0}; 

0, ci, 2 7^ 0, ci,i = co.i = 0, c , 7^ 0}; 
0, ci >2 7^ 0, c M = c ,i = c , = 0, 4ci j4 ci !2 - 5c^ 3 7^ 0}; 
0, ci, 2 7^ 0, ci,i = co,i = c ,o = 4ci i4 ci, 2 - 5cf 3 = 0}; 
ci, 2 = 0, ci,i 7^ 0, ci,4 7^ 0}; 
ci, 2 = 0, ci,i 7^ 0, ci,4 = 0, ci i3 7^ 0}; 
ci,2 = 0, ci,i 7^ 0, c^ 4 = ci i3 = 0, 4 c , cia - c\ x ^ 0}; 
ci,2 = 0, ci,i 7^ 0, ci, 4 = ci i3 = 4c 0i0 ci,i - cl s = 0}; 
ci,2 = ci,i = 0, c 04 7^ 0, ci >4 7^ 0}; 
ci,2 = ci,i = 0, c 04 7^ 0, ci >4 = 0, ci i3 7^ 0}: 
ci, 2 = c M = 0, co,i 7^ 0, ci >4 = ci >3 = 0}; 
c\,i = ci,i = c ,i = 0, c , 7^ 0, ci >4 7^ 0}; 
ci,2 = ci,i = co.i = 0, c , 7^ 0, ci >4 = 0, ci. 3 7^ 0}; 
ci, 2 = ci,i = co.i = 0, c ,o 7^ 0, c M = ci, 3 = 0}; 
ci, 2 = ci,i = co.i = c ,o = 0, ci,4 7^ 0, ci^ 3 7^ 0}; 
ci, 2 = ci,i = c ,i = c ,o = 0, ci j4 7^ 0, c^ 3 = 0}; 



c/ 7 10 


= {L{C) 


G TLeibj 


c 2 .z 


up 


= {L{C) 


G TLeibj 


c 2 . 3 


up 


- {L{C) 


G TLeibj 


c-i.z 


up 


= {L{C) 


G TLeibj 


c-i.z 


up 


= {L(C) 


G TLeibj 


c-i.z 


up 


- {L(C) 


G TLeibj 


c 2 . 3 


up 


- {L(C) 


G TLeibj 


c 2 . 3 


up 


= {L(C) 


G TLeibj 


c 2 , 3 


up 


= {L(C) 


G TLeibj 


c 2 , 3 


up 


- {L(C) 


G TLeibj 


c 2 , 3 


up 


= {UC) 


G TLeibj 


c 2 , 3 


up 


= {UP 


G TLeibj 


c 2 , 3 


up 


= {UP) 


G TLeibj 


c 2 , 3 


up 


- {UC) 


G TLeibj 


c 2 , 3 


up 


= {UC) 


G TLeibj 


c 2 , 3 
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t/| 5 = {L(C) e TLeib 7 : c 2 , 3 = ci, 2 = Ci,i = c ,i = c , = c 1A = 0, ci, 3 7^ 0}; 
U$ 6 = {L{C) e TLeibj : c 2 , 3 = ci, 2 = c M = c ,i = c , = ci )4 = ci i3 = 0}. 

Proposition 2.1. 

J. Two algebras L(C) and L(C) from Uj are isomorphic, if and only if 
/ ' \ 8 

/ C 2, 3 \ , 1 / 2 \ / C 2 3 



( 4 c o,o c ia - c 'o,i) = (^f) ( 4 c °>° Cl .i ~ c o,i)' 
c i,2 _ ci, 2 ( c 'i,3 c i,i — c o,i c 'i,2) _ (ci, 3 ci,i - c ,ic? 2 ) 3 

L 2, 3 c 2,3 C 2 3 C ! ! C 2, 3 C 1,1 



£. .For any Ai, A 2 , A 3 G C, i/iere exists L(C) € f/y : 



(4c , Cl.l - C J = Ai, = A 2 , 2 , = A3. 

,Cl,l/ ' c 2 , 3 4 3 C 1,1 

TTien orbits in Uj can be parameterized as L (Ai, 0, 1, A 2 , A3, 0, 1) , Ai, A2, A3 G C. 
Proof. 1. "If" part due to Theorem 1 2 . 1 1 if one substitutes the expressions for c^ , Cq 1; c[ 1 , c' 12 , c' 13 , 



C l,4' c 2,3 



) ( 4 c o,o c i,i - c 'o,i) = ( ) ( 4 c o,oCi,i - c 2 ^), 







fc'2,3 


)"« 






C l,2 _ 


Cx,2 


C 2,3 


C2, 3 ' 



c 'l,3 c i,l c 0,l C 'l,2 



Cl,l 
3 



(ci, 3 ci,i - co,icf 2 ) 1 



r A „/4 r 2 „4 

C 2, 3 C 1,1 C 2, 3 C 1,1 

" Only if " part. Let the equalities 

(77) ( 4c o,o c i,i - c 'o,i) = (^f) ( 4c o.oCi,i -Cq,i), 



( c i,3 c i,i c o,i c 'i,2) (ci, 3 ci,i - c Q ,ic 2 2 ) 3 



r' c,' r' 2 r' A r 2 r 4 

c 2, 3 c 2, 3 C 2 3 C [ i C 2 , 3 C 1,1 



hold. 

Consider the base change ([8} in Theorem 12.11 with 



-A)Co,l D A 

= , t>\ = 

2ci,i C2, 3 



and 



B 3 = TT-n o( 4c hi 2 (A 4 c 1A + 4B 2 2 c 2 , 3 3 ) +^o 4 (5ci, 2 -C2, 3 ) (c ,i 2 ci, 2 2 -2c ,lCi,iCi, 3 )). 

8A 01,1^02,3^ 



This changing leads L(C) into 

i n^) 8 (4c , 



2 )01 ^ (W.l-CQ,!^) 3 \ 
c 2,3 4,Z c l,l J 
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An analogous base change with "dash" transforms L(C) into 



L 



7* M 4 c 'o,o C 'i,i - c'L), 0, 1, ^ — A -A 0, 1 

V C 14 / C 2,3 C 2j3 c' M 



Since 



and 



-^1 (4c'o i0 ci,i-4i)=(r f£ ) (^o.oci 



C2,3 



Cl.l 



,i — C 0.lJ 



C l,2 _ Ci ; 2 
C 2 , 3 C 2 , 3 



( c i,3 c l,l c 0,l C 'l,2) _ (ci, 3 c M - c ,icf 2 )' 



r' 2 r' 4 
L 2,3 C 1,1 



„2 4 
L 2,3 L 1,1 



the algebras are isomorphic. 
2. Obvious. 

Proposition 2.2. 

7. Two algebras L(C) and L(C) from J7 2 are isomorphic, if and only if 



'1,2 c l,2 



( C 1,3 C 0,1 2c o,o c 'i,2) _ (ci, 3 co,i - 2c 0fi c 2 12 ) 



r' 4 r' 5 



c 2,3 c 2,3 o 2,3° 0,1 

For any Ai, A 2 G C, t/iere exists L(C) £ J7 2 : 



„4 5 
C 2,3 C 0,1 



ci,2 _ (ci, 3 c ,i -2c , c li2 ) _ 
— - — Ai, 4 — g — A 2 . 

C 2,3 C 2,3 C 0,1 



The orbits in [7 2 can be parameterized as L (0, 1, 0, Ai, A 2 , 0, 1) , Ai, A 2 G C. 
Proof. The proof is similar that of Proposition 12. 11 where we put 



A)Co,o A 2 



cqa 



B x = 



C2,3 



and 



Ba = 



(co,i 2 (-4o 4 ci,4 + B 2 2 c 2 . 3 3 ) + -4o 4 (co,o (cq, ci,2 2 - ci j3 co,i) (5 ci, 2 - c 2 , 3 ))) 

2^ 2 Co.l 2 C 2 ,3 2 



□ 



□ 



Since the proving of the next coming Propositions 2.3 - 2.13 are similar those of Propositions 2.1 
and 2.2 we decided to omit the details of them. "If" parts of them follow from Theorem 1.2, for "Only 
if" part we just give the respective values of the coefficients Ao, Ai, Bi, B 2 and B$ in the base change 
ijHJ- Note that if no value is given then it is considered as an arbitrary. 



Proposition 2.3. 



1. Two algebras L{C) and L(C) from are isomorphic, if and only if — 



c 1.2 Cl.2 



-2,3 



C2.3 



2. For any A 6 C*, there exists L(C) from U$ 



Cl,2 
C2,3 
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Then orbits in can be parameterized as L (1, 0, 0, A, 0, 0, 1) , A G C* . 
Proof. The respective values of coefficients are: 

-A)Cl,3 _A 2 
Ai - — — , Bi 

2ci, 2 ^ C 2 ,3 

and 

_ Ap 4 (4ci, 4 Ci, 2 2 ~ 5ci,3 2 Ci, 2 + Ci !3 2 C 2 , 3 ) + 4 -B 2 2 C 2 ,3 3 Cl,2 2 
3_ 8A 2 Cl ,2 2 C2,3 2 

Proposition 2.4. 

7. Two algebras L(C) and L(C') from U$ are isomorphic, if and only if -J— = — 

C 2,3 C 2,3 

^1 2 

<?. -For any A 6 C*, there exists L(C) from Uj : — — = A. 

C2,3 

Then orbits in t/ 4 can be parameterized as L (0, 0, 0, A, 0, 0, 1) , A G C* . 
Proof. Here 

, -A Cl j3 Aq 2 -4 4 (4ci i4 Ci, 2 2 -5ci,3 2 Ci i 2 + Ci i 3 2 C2, 3 ) +4 J B 2 2 C2,3 3 Cl,2 2 

Ai = tt~ i i>i = and i>3 = o . 

2 Cl ,2 2 ' C 2 ,3 84 2 Cl, 2 2 C2,3 2 

Proposition 2.5. 

1. Two algebras L(C) and L(C) from are isomorphic, if and only if 

J 6 „i „ 6„ 

C 2,3 c 0,0 _ c 2,3 c 0,0 

c'i/ ~ c li3 5 

2. For any A G C, i/iere ea;iste L(C) G t/ 7 5 : C2 ' 3 C °'° = A. 

Cl,3 

Then orbits in t/y can be parameterized as L (A, 0, 0, 0, 1, 0, 1) , A G C. 
Proof. For this case: 

, Ci 3 Ci j3 2 Ci, 3 4 Ci.4 + S 2 2 C 2 ,3 7 - AiCi i3 4 C 2;3 2 

A = , Bi = - and B 3 = - . 

C2,3 C 2 y 2ciX c 2.3 

Proposition 2.6. 

1. Two algebras L(C) and L(C) from U® are isomorphic, if and only if 

(4 - 2 c'^c'^c'^ 2 + c'!, 3 V M ) _ (4 c 0fi c h2 4 - 2 c h3 c QA c h2 2 + c U3 2 c 1A ) 3 

C'l,2 4 c'l,l 5 Cl,2 4 Cl,l 5 



□ 



□ 



□ 



(Vj - c 1.3Cl.l) _ ( Co , lCl .2 2 - Ci, 3 Ci,i) 3 (4^1,4^1,2- 5 t/i/) (4c 1|4 Ci, 2 -5ci, 3 2 ) 3 

c'l.aVl.l 4 d,2 2 Cl,l* C'x/c'i,! 2 Cli 2 4 Clil 2 
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2. For any Ai, A2, A3 G C, there exists L(C) G U* : 

(4c , ci,2 4 - 2ci i3 co,iCi ;2 2 + ci i3 2 ci,i) 3 (co,iCi j2 2 - ci, 3 ci,i) (4ci )4 ci >2 - 5ci i3 2 ) 

4 R — *1> 2 4 ~~ 4 2 — A 3' 

Cl,2 4 Cl,l 5 Ci, 2 2 Ci,i 4 Ci i2 4 Ci,i2 

Then orbits in U? can be parameterized as L (Ai, A 2 , 1, 1, 0, A3, 0) , Ai, A 2 , A 3 G C. 
Proof. We put here, 

2C12 2 ' Cl,2 



□ 



Proposition 2.7. 

J. Two algebras L(C) and L(C) from are isomorphic, if and only if 

2c o,oC , i,2 2 -ci i3 c' 0il ) _ (2c 0i0 6 1 , 2 2 -c 1i3 c 0i1 ) 4 (4ci i4 ci,2- 5c 'i,3 2 ) _ (4c MCl , 2 -5 Cl 



2- 



c'l,2 4 c'o,l 5 Cl, 2 4 C ,l 5 c'l^C^ Cl,2 4 C ,l 

For any Ai, A 2 G C, there exists L(C) G E/f : 

(2c , oi,2 2 - ci, 3 c ,i) 4 (4ci 4 ci 2 - 5ci j3 2 ) 2 
-. = — = Ai and - — = A 

Cl,2 4 Co,l Ci i2 4 C ,l 

Then orbits in Uy can be parameterized as L (Ai, 1, 0, 1, 0, A2, 0) , Ai, A2 G 
Proof. For this case we put 

-A)Ci, 3 - o V 

= — 5-, and i?i = . 

2ci, 2 ^ C1.2 

Proposition 2.8. 

1. Two algebras L(C) and L(C) from Uy° are isomorphic, if and only if 

5 



(44,4^2 - 5c' 1:3 2 ) (4ci, 4 ci, 2 - 5ci, 3 2 ) J 



c'l, 2 12 Con 2 Cl, 2 12 C0,0 2 



in (4 Cl 4C1 2 — 5 Cl 3 2 ) 5 

2. For any A G C, there exists L{C) G C/ 7 10 : ^ — — , 9 9 ' y = A. 

Cl,2 W Co,0 

XTien orbits in Uj° can be parameterized as L (1, 0, 0, 1, 0, A, 0) , A G C 
Proof. Here, 

, -AoC 13 A 2 
A x = — 5- and B x = . 

2ci j2 2 Cx,2 

Proposition 2.9. 

1. Two algebras L(C) and L(C') from U? 3 are isomorphic, if and only if 



8 / x 8 

M \ (a J J J 2 



-T- (4< ci x - c'0,1 ) = ~H (4c , ci,i - c ,i 2 ) , 2 

C l 1 / V 7 \ C 1,1 / Cl 4 Ci, 4 



□ 



□ 



12 On low-dimensional Eliform Leibniz algebras and their invariants 

2. For any Ai, A 2 G C, there exists L(C) G U 13 : (—*) (4c ci i - c i 2 ) = Ai, ShlShl = \ 2 . 

\ C M/ C M 

XTien orbits in U 13 can be parameterized as L (Ai, 0, 1, 0, A2, 1, 0) , Ai, A2 £ C. 
Proof. We put 

, C11 -Co,l Ci,i 4 

A = , Ai = , and B\ 



ci j4 ' " l 2c M ' 1 c lj4 5 ' 

Proposition 2.10. 

1. Two algebras L(C) and L(C) from Uy are isomorphic, if and only if 



co,oCi,i - c , i 2 ) 



2. For any A G C, there exists L(C) G Ui 4 : ( ) (4co 0C1 1 — Co i 2 ) = A. 

\ci,iy ' ' 

Then orbits in U 14 can be parameterized as L (A, 0, 1, 0, 1, 0, 0) , A G C. 
Proof. Here, we take 

-A a c ,i A 5 
A x = — , and E>i = . 

2Cli C1.1 



2. For any A G C, there exists L(C) G U 17 : (—) c ,i = A. 



□ 



□ 



Proposition 2.11. 

/ f \ 4 4 

i. Two algebras L(C) and L(C') from U 17 are isomorphic, if and only if I ] c' Q l — ( — ^ j c ,i. 

\ c i,4 / \ c i:4/ 



4 

^1,4, 

Then orbits in U 17 can be parameterized as L (0, 1, 0, 0, A, 1, 0) , A G 
Proof. Take 

, A)Co,o , ^4o 4 
Ai = — , and B\ = . 

co,i Ci 4 



Proposition 2.12. 

c 1 c f ' 

1. Two algebras L(C) and L(C) from Uj° are isomorphic, if and only if — : — — i — = — 

c'1,4 c i,4 

7 

2. For any A G C, there exists L(C) G t/ 7 20 : ^^g 3 = A . 

Then orbits in C/ 20 can be parameterized as L (1, 0, 0, 0, A, 1, 0) , A G C. 



□ 



Proof. Here, B x = □ 
^0 
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Proposition 2.13. 

The subsets U$, U 7 , U)\ C/ 7 12 , l/ 7 15 , t/ 7 16 , C/ 7 18 , C/ 7 19 , C/ 7 21 , C/ 7 22 , C/ 23 , t/ 24 , C/ 25 and ?7 26 
are single orbits with representatives L(l, 0, 0, 0, 0, 0, 0, 1), L(0, 0, 0, 0, 0, 0, 0, 1), 
L(0, 0,0, 1,0, 1,0), L(0, 0,0, 1,0, 0,0), L(l, 0,1, 0,0, 0,0), £(0,0,1,0,0,0,0), L(0, 1,0,0, 1,0,0), 
L(0, 1,0,0,0,0,0), L(l, 0,0, 0,1, 0,0), L(l, 0,0, 0,0, 0,0), L(0, 0,0, 0, 1, 1,0), L(0, 0,0, 0,0, 1,0), 
L(0, 0, 0, 0, 1, 0, 0) and L(0, 0, 0, 0, 0, 0, 0), respectively. 



Proof. To prove it, we give the respective values of Aq, A\, B\, B 2 and B3 in the base change ([8} leading 
to the appropriate representatives. 
For U$ and \J 7 7 : 

o A 2 , D Vci,4 + B 2 2 C2,3 3 

i>i = and i>3 = 



For C/ 7 n and U 7 2 



For C/ 7 15 and U^ 6 



For U} 8 : 



For t/ 7 19 : 



For C/ 21 and U 2 . 2 



For L^ 3 and Uf 4 



C2,3 2A 2 C 2 ,3 2 



. -Mci,s , A 
A x = — — and B\ = . 

2C12 2 C1.2 



-A c ,i A 5 
Ai = — and B\ = . 

2cii ci,i 



j4i = — and B\ = . 

C0,1 Ci,3 



- A c , 
-Al = . 

co,i 



R - C °'° 
^0 



Cl,4 



□ 



Note that the orbits f/| and can be included in the parametric family of orbits C/ 7 and U 4 , 
respectively at A = 0. 



2.2 Isomorphism criterion for TLeib s 

Here, we have n = 7, means odd case, and any algebra L from TLeibs can be represented as one di- 
mensional central extension (C(L) =< e 7 >) of 7-dimcnsional filiform Lie algebra with adapted basis 
{eo, ei, eg} (see Theorem II .lj) and on the adapted basis {eo, e±, e^ the class TLeibs can be repre- 
sented as follows: 
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TLeibs 



[e», e ] = 


e i+l, 




\en, e,-l = 






[eo, eo] = 


0O,O e 7, 




\en, ei 1 = 


— e? 4~ On 1 £7, 




fei ,e-\] = 


&1 l e 7; 




fei , eol = 

L J- ' z J 


— [e 2 , ei 1 = ai 4 e4 + ai t; e^ - 


- ai r efi + 61 ?e 7 


< [ei, 63] = 


— [e3, ei] = ai,4 es + ai,5 e6 - 




[ei,e 4 ] = 


-[e 4 , e x ] = (a M - a 2 , 6 ) e 6 4- 




[ei,e 5 ] = 


-[es,ei] = &i,5e 7 , 




[e 2 ,e 3 ] = 


-[e3, e 2 ] = a 2 , 6 e 6 + 02,367, 




[ei,e s ] = 


-[e5,ei] = h t5 e e , 




[e 2 ,e 4 ] = 


-[e 4 , e 2 ] = 62,467, 




k [e l ,e 7 „ l ] 


= -[er-i,ei] = (-l) l 6 3i4 e 7 , 


1 < i < n- 1. 



1 < i < 6, 

2 < t < 6, 



The next lemma specifies the set of structure constants of algebras from TLeibs- 
Lemma 2.2. The structure constants of algebras from TLeibs satisfy the following constraints: 

h,3 = ai,6, 61,4 = 01,5 — &2,3j hA = a 2,6, &i,5 = oi,4 - 2a 2 ,6, and &i, 6 (a 2) 6 + 2 ai, 4 ) = 0. 

Proof. These relations come out from sequentially applications of the Leibniz identity to the triples of 
the basis vectors {eo, ei, e 2 }, {eo, ei, 63}, {eo, e 2 , 63}, {eo, ei, e 4 } and {ei,e 2 ,e 3 } respectively. □ 

Further unifying the TLeibs table of multiplication we rewrite it via parameters 
Co,o, c ,i, C14, Ci, 2 , ci >3 , 01,4, ci >5 , c 2i3 , c 2 , 4 as follows: 

1 < i < 6, 

2 < i < 6, 



TLeibs 



[e 4 ,e ] = 


e i+i, 






[eo,e,:] = 


-ei+i, 






[e ,e ] = 


6o,oe 7 , 






[eo,ei] = 


-e 2 + co,ie 7 , 






[ei,ei] = 


ci,ie 7 , 






[ei,e 2 ] = 


-[e 2 ,ei] = ci i2 e 4 + c lj3 e 5 - 


1- ci i4 e 6 


4- ci, 5 e 7 


[ei,e 3 ] = 


-[e3, ei] = ci, 2 e 5 + Ci, 3 e 6 4 


- ci, 4 e 7 , 




[ei,e 4 ] = 


-[e 4 ,ei] = (c 1:2 - c 2 , 3 )e 6 4 


( c l,3 - 


c 2 ,4) e 7 , 


[ei,e 5 ] = 


-[e 5 ,ei] = (ci, 2 - 2c 2 , 3 )e 7 , 






[e 2 ,e 3 ] = 


-[e3, e 2 ] = c 2 , 3 e 6 + c 2 ,4 e 7 , 






[e 2 ,e 4 ] = 


-[e 4 , e 2 ] = C2.3 e 7 , 






[ei,e 7 _i] 


= -[e 7 _i,ei] = (-l) 4 c 3 , 4 e 7 , 


1 < i 


< n - 1 



So an algebra from TLeibs with parameters Co,o, cq,i, 01,1, 01,2, Ci, 3 , Ci )4 , 01,5, 02,3, 02,4, 03,4 is denoted by 
L(C), where C = (c ,o, Co,i, Ci,i, Ci, 2 , 01,3, ci, 4 , Ci i5 , c 2 , 3 , c 2 ,4, 03,4). 

Note that L(C) 6 TLeibs if and only if c 3 , 4 (c 2 , 3 + 2 ci, 2 ) = 0. 

Notice that according to the Proposition ll .21 and 11.31 the adapted transformation in TLeibs can be 
taken in the form 

/(e ) = A Q e +Aiei + A 2 e 2 + A 3 e 3 4- A 4 e 4 , 
f(ei) = fli ei + S 2 e 2 + B 3 e 3 4- B 4 e 4 4- B 5 e 6 , 
/(e i+1 ) = [/(e i ) > /(e )] 1 l<i<n-l, 

where A B X (A + A lC3A ) ^ 0. 

The next theorem represents the action of the adapted base change to the parameters 
00,0,00,1,01,1,01,2, 01,3,01,4, 01,5,02,3, 02,4,03,4 of an algebra from TLeibs- 
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Theorem 2.2. (Isomorphism criterion for TLeibs) Two filiform Leibniz algebras L(C) and L(C'), where 
C = (co,o, 00,1,01,1,01,2, Ci, 3 , Cl,4, Ci, 5 , c 2 , 3 , c 2 ,4, 03,4) C" = (c 00 , c^, c^, c 12 , c' 13 , c' 14 , c' 15) c 23 , c 24 , c 34 ), 
fromTLeibg are isomorphic, if and only if there exist Aq, A\, A 2 , A3, A4, £>i, B 2 , B 3 , -B4, -B5 (EC, suc/i £/ia£ 
v4o^i(^o + ^iC3,4) 7^ and i/ie following equalities hold: 



, Aq 2 Cq,Q + AqAxCqa + Ai 2 Ci ; i 

C °'° CiA 5 (A + A lC 3,4) 

, ^oco.i + 2 A1C14 



K),l 



1.1 



J 2,3 



A 5 (A, + A lC3A ) ' 
A, 5 (A + A lC3A ) ' 

-BlCl,2 

Si (A c 1 , 3 + 2A 1 c 1>2 2 ) 



A 2 B X 2 C 1A + A 2 (B 2 2 - 2gi B 3 ) C 2 , 3 + ^! ^! 2 (5 Ci, 2 - C 2 , 3 ) (A) Ci, 3 - ^1 Ci, 2 2 ) 

A 6 5i 

=i 5 = --TTTTTTT —{A :i A 1 B 1 3 c h3 C2 A - 3 V^i^ci^.s - 2 At^A^i 2 ^^^ 

A 8 Bi 2 (Ao + C3, 4 Ai) 

Ao 3 AiSiS 2 2 c 3l 4Ci,3 - 3 A Q A 1 3 B 1 3 c 1 /c 2 / - 3 A Q 2 A 1 2 B 1 3 c h3 c 2 / -2A Q 4 B 1 B 2 B i c 3A - 
6 A Q 3 A 1 B 1 3 a i2 c 1A - 6 A 2 A^S^ci^^ci^ + 4 A 2 Ai 2 Bi 2 B 3 ci !2 C3,4C2,3 + 

12 A 2 A 1 2 J Bi 3 Ci,2Ci, 3 C 2 ,3 - WBi 3 C:L2 2 C3,4 - 2 Ao 3 AiS 2 3 Ci, 2 C 3 ,4 +2A 3 A 3 Si 3 Ci,3C3,4 
6 A 2 Ai 2 SiS 2 2 Cl,2 2 C 3 ,4 + 2 Ao 3 A 2 -BiS 2 2 Cl,2C3,4 + 2 Ao 2 AiA 2 Si 2 B2Ci,2 2 c 3 ,4 - 

2A 3 A 2 B 1 2 B 3 c 1 , 2 c 3A - 14A 2 A 1 2 J B 1 2 B 3 Ci > 2 2 C3,4 + 2 A 1 4 B 1 3 c 1 , 2 3 c 3A c 2 , 3 - 

2 A 2 A 1 2 B 1 B 2 2 c 2 , 3 c 3A c h2 + 3 A 3 A 1 B 1 3 c 1A c 2 , 3 + 2 A 3 A4-Bi 3 Ci, 2 c 3 ,4 + 
4 A 3 A 1 B lJ B 2J B 3 c 1 ,2C 3 ,4 + 9 A 3 A 1 B 1 2 B 3 c 1 , 2 c 2 , 3 + 3 Aq^^ 3 Cl,2C2,3 - 

21 A^A^B^a.^c^ + A 2 A 1 2 B 1 3 c li2 2 c 2A + A 4 B 1 B 3 2 c 3A - 3 A 3 A 1 B 1 3 c 1 , 3 2 - 
UAoA^B^a^ - 25 VSi 3 ci, 2 4 c 3 ,4 - 2 A 3 A 3j Bi 2 B2Ci,2c 3 .4 - 3 A 3 J 4 1 B 1 S 2 2 c 2 ,3Ci,2 + 

3 A 3 A 1 B 1 B 2 2 C2,3 2 - 2 An^S^ci^^ - 6 A 3 A 1 B 1 2 B 3 c 2 / - 3 A i B 3 B 1 B 2 c 2>3 - 
4) 4 £i 3 ci,s + A 4 -B 2 3 c 2 , 3 - VBiB 2 2 c 2 , 4 + 3 A 4 Si 2 B 4 C2,3 + 2 A^B x 2 B^c 3A + 
2A a 4 B 3 B 1 2 c 2A ~2A 2 A 1 2 B 1 3 c h3 2 c 3A - 32 A^B^c^c^c^ 2 + 

2 A Ai 3 Bi 3 Ci i 3C 3 ,4Cl,2C2,3 + 9 A A x 3 B i 3 c lj2 3 c 2 , 3 ) , 
, -Bi C 2 ,3 



C ' 2 < 4 = A 4 B, (A +c 3 ±Ai) {A2 ° B2iC2A + +2A ° BlB3 ~ A ^ A i B i c ^ - WA 2 B 2 cl 2 ) c 3 , 

+3AoAiS 2 c 2 ,3Ci,2 - 3 AoAiBfcj 3 ), 



-3,4 



-BlC 3 ,4 
A + C 3 , 4 Ai ' 
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The following base change is adapted and it transforms L(C) to L(C) 



i 



4 



A e + At ei + A 2 e 2 + A 3 e 3 + A 4 e 4 , 
Bi ei + 5 2 e 2 + B 3 e3 + S 4 e 4 + B 5 e 5 , 

Ao-Bx e 2 + A .B 2 e 3 + {A B 3 + (A 2 B 1 - A 1 B 2 )c h2 ) e 4 + (A B 4 + [A^B X - Ai£ 3 ) Cl , 2 + 
(A 2 B X - A 1 B 2 )c 1 , 3 )e 5 + ((A 3 B 2 - A 4 Bj - A 2 B 3 + A X B 4 ) c 2 - 3 + {A 2 Bi - A X B 2 ) c M + 

(A 3 5i - AiB 3 ) ci, 3 + + A4B1) ci, 2 + A S 5 )e 6 + (*)e 7 , 

A\B X e 3 + (A 2 B 2 - AoA^d^) e 4 + (A 2 B 3 - A x A B lCl ,3 + A (-2 A 4 B 2 + A 2 B X ) c li2 )e 5 
+((-A 1 A 2 B 1 + VB 2 ) ci, 2 2 + ((AxAaBx - A X 2 B 2 ) c 2>3 + A 3 A Bi - 2 A^Bs) c lj2 
(-2 Ax A Q B 2 + A A 2 Bi) Cl , 3 + (A 3 A i?i - A 2 A B 2 + AiA B 3 ) c 2 , 3 + AiA 0j B iCi , 4 + 



(9) 



A 2 B 4 )e 6 + (*)e 7 , 



A^B, e 4 + {A*B 2 - 2 A 2 A 1 B 1 c 1 , 2 )e 5 + A Q (A 'B 3 - 2 AxAoSiCi.a - A Q A 2 B lC2i3 - 
ZA x AvB 2Cl . 2 + AqA x B 2 c 2 . 3 + A Q A 2 B 1 c li2 + A x 2 B lCia 2 - Ai 2 Bici j2 c 2 , 3 )e 6 + (*)e 7 , 
Aq e 5 + (A^B 2 - 3 AxAgSxCi, 2 + A^B^^ee + (*)e 7 , 
Aq Si e 6 + (*)e 7 , 
BxAo 5 (A + Aic 3 , 4 ) e 7 . 



The next section deals with the applications of the results of the previous section to the classification 
problem of TLeibs- 



2.2.1 Isomorphism classes of TLeibs 

In this section we give a list of all algebras from TLeibs; 
Represent TLeibs as a union of the following subsets: 

Mi = {L(C) G TLeib 8 ■ c 3 , 4 + 0}, 



U\ = {L{C) G TLeib s 
Ul = {L(C) E TLeibs 
Ul = {L(C) E TLeibs 
Ul = {L(C) E TLeibs 
Ul = {L(C) E TLeibs 
Ul = {L(C) G TLeibs 
Ul = {L(C) G TLeibs 
Ul = {L(C) G TLeibs 
Ul = {L(C) € TLeibs 
Us 10 = {L(C) G TLeib s 



ci,i = 0, co.i^O}; 

ci,i = c ,i = 0, ci, 2 7^ 0}; 

ci,i = c ,i = ci, 2 = 0, c 4j3 7^ 0, ci. 4 7^ 0}; 

ci,i = c ,i = ci, 2 = 0, ci >3 7^ 0, ci, 4 = 0, c , 7^ 0}; 

ci,i = c ,i = Ci, 2 = 0, c 4j3 7^ 0, ci, 4 = c , = 0}; 

ci,i = c ,i = c ii2 = ci >3 = 0, c M 7^ 0, c .o 7^ 0}; 

ci,i = co,i = ci. 2 = ci >3 = 0, ci. 4 7^ 0, c , = 0}; 

ci,i = c ,i = ci. 2 = ci, 3 = ci, 4 = 0, c .o 7^ 0}; 

: ci 1 = c ,i = c ii2 = c il3 = ci,4 = 0, c , = 0}: 



Mf = {L(C) e TLei& 8 : c M = 0} 



C/ 8 n = {L{C) G TLeibs 
Ul 2 = {L{C) e TLeibs 
Ul 3 = {L(C) e TLeibs 



■ c 2 , 3 7^ 0, ci,i ^ 0}; 
: c 2 , 3 7^ 0, c M = 0, c ,i 7^ 0}; 
: c 2 . 3 7^ 0, c M = c ,i = 0, ci. 2 7^ 0, 
f3 Cl , 3 ci >3 ^0}; 

: c 2 . 3 7^ 0, ci,i = c ,i = 0, ci, 2 7^ 0, 
2 c 2 . 4 c 2 2 - 3 ci i3 c 2 . 3 ci. 2 + 3 ci. 3 c\ 3 = 0, c .o ^ 0}; 
J7 8 15 = {L{C) £ Tiei6 8 : c 2 . 3 + 0, Ci,i = Co,i = 0, c x , 2 7^ 0, 
2 c 2j4 ci. 2 2 - 3 ci, 3 c 2 , 3 ci, 2 + 3 ci i3 c 2 . 3 2 = 0, c ,i 



2c 2A c\ 2 - 3ci i3 c 2 . 3 ci. 2 
C/ s 14 = {i(C) G TLeibs 
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0}; 

{L(C) G TLeibs ■ c 2 . 3 7^ 0, c M = cq,i = c x ,i = 0, ci i3 7^ 0, c , 7^ 0}: 
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ul° = 
u? = 
c/f = 
ul 3 = 

TJ2A _ 
u B — 

ul 5 = 
ul e = 
u? = 

-7c? >3 
Ui s = {L(C 



{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
+ 4ci 



C/« 29 



r/30 
^8 



+ 4ci 
{i(C 
+ 4ci 
{i(C 



-7c? 3 +4ci 



r/31 

rr32 

^8 

rr33 

^8 

rr34 

u 8 

c/f 
c/f 
c/f 
c/f 



= {L(C 
= {L(C 
= {L(C 
= {L(C 
= {L(C 
= {L(C 
= {L(C 
= {L(C 
4c ,oCi.i - c, 
C/f = {L(C 
4c ,oCi.i - c, 
C/« 40 = 

{i(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 
{L(C 



TTil 

C/f 

c/f 

rr44 
^8 

C/f 

c/f 
c/f 
c/f 
c/f 



G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 

&4,2 = °. 
G TLeibs 

$4,2 = 0, 
G TLeibs 
$4,2 = o, 
G TLeibs 

5 C 1,2 = 0, 

G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
i/0}; 
G TLeibs 
i = 0}; 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 
G TLeibs 



2 = ci, 3 = 0, c , 7^ 0}; 
2 = ci,3 = c ,o = 0}: 

o}; 

0, 

ci,i = 0, co,i 7^ 0}; 

ci.i = c ,i = 0, ci >4 ^ 0}; 

ci,i = co,i = ci,4 = 0, c ,o 7^ 0}; 

ci,i = co,i = ci,4 = c .o = 0}; 

4ci,4Cl,2 

4 c M Ci,2 - 5 c 2 3 = 0, -7 c? 3 + 4 ci, 5 c? i2 ^ 0}; 
4ci. 4 ci 2 



4ci l4 Cl,2 
4ci. 4 Ci 9 



: c 2 ,3 7^ 0, ci,i = c ,i = ci, 
: c 2 .3 7^ 0, ci,i = Co,i = ci. 
: c 2 , 3 = 0, c 2 , 4 7^ 0, ci j2 7^ 
: c 2 ,3 = 0, c 2j4 7^ 0, ci >2 = 
: c 2 , 3 = 0, c 2 , 4 7^ 0, Ci j2 = 
: c 2 , 3 = 0, C 2 ,4 7^ 0, Ci j2 = 
: c 2 .3 = 0, c 2 , 4 7^ 0, ci i2 = 
: c 2 ,3 = 0, c 2 ,4 7^ 0, ci,2 = 
: c 2 ,3 = c 2 , 4 = 0, ci )2 / 0, 
: c 2 ,3 = c 2 ,4 = 0, ci )2 / 0, 
: C 2 .3 = c 2 ,4 = 0, Ci >2 7^ 0, 
ci,i 7^0}; 

: c 2 , 3 = c 2 ,4 = 0, ci >2 7^ 0, 
ci,i = 0, c .i 7^ 0}; 
: c 2 ,3 = c 2 , 4 = 0, ci,2 7^ 0, 
ci,i = co,i = 0, c ,o 7^ 0}: 
: c 2 ,3 = c 2 , 4 = 0, ci, 2 7^ 0, 
ci,i = c .i = c ,o = 0}; 
C2,3 = c 2 ,4 = ci >2 = 0, Ci, 3 7^ 0, ci >4 7^ 0}; 
C2,3 = c 2 ,4 = c ij2 = 0, ci, 3 7^ 0, ci >4 = 0, c^i 7^ 0}; 
C2,3 = C 2 ,4 = Ci >2 = 0, Ci, 3 7^ 0, Ci >4 = Ci,! = 0, c ,i 7^ 0}; 

c 2 ,4 = ci )2 = 0, C1.3 7^ 0, ci,4 = ci,i = co.i = 0, c , 7^ 0}; 
c 2 ,4 = ci,2 = 0, C1.3 7^ 0, ci,4 = ci,i = co.i = c , = 0}; 
C 2 ,4 = Ci )2 = Ci, 3 = 0, Ci,i 7^ 0, ci, 5 7^ 0}; 
C 2 ,4 = Ci )2 = Ci, 3 = 0, Ci,x 7^ 0, Cl,5 = 0, Ci, 4 7^ 0}; 
C 2 ,4 = Ci )2 = Ci, 3 = 0, Ci,i 7^ 0, Cl,5 = Ci 4 = 0, 



5c?, 3 


7^0}; 


5 C 1,3 


= 0, 




= 0, 


5 C 1,3 


= 0, 




= 0, 


5ci >3 


= 0, 



C2,3 
C2,3 
C2,3 
C2,3 
C2,3 



C2,3 = C 2 ,4 = Ci >2 = C1.3 = 0, C1.1 7^ 0, Ci,5 = Ci,4 = 0, 

C2,3 = C 2 ,4 = Ci, 2 = Ci, 3 = Ci,i = 0, C ,i 7^ 0, Cj.,5 7^ 0}; 

C2,3 = C 2 ,4 = Ci )2 = Ci, 3 = Cl,l = 0, C ,l 7^ 0, C1.5 = 0, Cj.,4 7^ 0}; 

C2,3 = C 2 ,4 = Ci )2 = Cl, 3 = Cl,l = 0, Co,l 7^ 0, C1.5 = Ci,4 = 0}; 

C2,3 = C 2 ,4 = Ci )2 = Ci, 3 = Cl,l = Co,l = 0, Cl,4 7^ 0, Ci, 5 7^ 0}; 

C2,3 = C 2 ,4 = Ci,2 = Cx,3 = Cx,X = Co,X = 0, Cx,4 7^ 0, Cx,5 = 0, c , 7^ 0}; 

C2.3 = C 2 ,4 = Cx,2 = Cx,3 = Cx,X = Co,X = 0, Cx,4 7^ °, Cx,5 = c ,o = 0}; 

C2,3 = C 2 ,4 = C 1; 2 = Cx,3 = Cl,x = C ,l = Ci,4 = 0, Ci >5 7^ 0, C ,o 7^ °}; 

C2,3 = C 2 ,4 = Ci >2 = C1.3 = C14 = C ,i = Ci,4 = 0, Ci >5 7^ 0, c ,o = 0}; 

C2,3 = C 2 ,4 = Ci >2 = C1.3 = C14 = C ,l = Ci,4 = Ci >5 = 0, c , 7^ 0}; 

C2,3 = C 2 ,4 = Ci >2 = Ci, 3 = C14 = C ,i = Ci,4 = Ci >5 = C ,o = 0}. 



Proposition 2.14. 



1. Two algebras L(C) and L(C) from C/| are isomorphic, if and only if 

( 4c o,o c i,i - c 'o,i) c'1,4 _ (4co, ci,i -<^,i) 4,i (- 2c 'i,i + c o,i c 3,4) 5c 'i,2 _ (-2 Ci 4 + c ,ic 3i4 ) 5 cf >; 



„/4 /6 
c 3,4° 1,1 



(-2 4 + c' Q 4 ) 2 (~2ci,i + c ,ic 3 , 4 ) 2 
(-2 cj.i + ^,ic 3 , 4 ) 5 (-cjA.i + cl^y _ (-2 c M + c , lC 3,4) 5 (-ci, 3 ci,i + c 2 >2 c ,i) 



r 4 6 
C 3.4 C 1.1 



„/3 ,12 

- 3,4 L 1,1 



-2Ci i + Cp 1C3 4 ) t ^ r , 3 ,2 , i i i i . , i ,2 _ 70 ,3 , , 

,18 ,7 \ L 1 C 3,4 C 1,2 C 0,1 10 C 3,4 C 1,2 C 0,1 C 1,3 C 1,1 "+" 4 C 3,4 C 1,4 C 1,1 ' z c 1,2 C 0,1 C 1,1 



1,1° 3,4 



) I I l2 
1 C 1,2 C 2,4 C 1,17 — 



> 5 _ (— 2Ci,i + Co,lC3 )4 ) 



(27C3,4C lj2 C 01 - 18C3,4Cl, 2 Co,lCl,3Cl,l + 4 C3, 4 Ci j4 cf a 



72cf 2 C0,lCl,l - 8ci,2C2,4Ci i) 5 
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On low-dimensional filiform Leibniz algebras and their invariants 



(4co,o c i.i — Cg ij c\ 4 

2. For any Ai, A 2 , A3, A4 G C, there exists L(C) G /7§ : '■ '■ =- = Ai, 

(-201,1 + c ,ic 3 , 4 ) 

(- 2c 'l,l + C 0,1 C 3,4) c 'l,2 _ , (-2c M + c ,ic 3 , 4 ) 5 (-ci, 3 ci,i + c 2 , 2 c ,i) _ 

/4 /6 ^ 7 3 12 ^ ' 

c 3,4 C 1,1 C 3,4 C 1,1 

( — 2 Ci i -|- Co 1C3 4) , 32 2 3 

' 18 7 ' 1 (27C3 I 4C 12 C 01 - 1803,401,200,101,3014 + 4c 3 , 4 Ci,4Ci 1 - 72 0i, 2 Co,lCi,i 

C 1,1 C 3,4 
- 8ci,2C2, 4 0i,i) 5 = A4. 

TTien orbits in U% can oe parameterized as L (Ai, 0, 1, A2, A3, A 4 , 0, — 32A2, 0, 1) , Ai, A2, A3, A4 G C. 

Proof. Sec proof of Proposition 12. 1[ where we put A\ = 0,1 , B± = — — c °' lC3 ' 4 ) ; anc ] 

2ci,i 2c 3 , 4 ci,i 

B3 = ~— A 3 7T-— ; "(-8 A 2 C 2 ,4Cl,l 4 + 8 A 2 C2, 4 Co,lC 3 , 4 Ci,i 3 -2ylo 2 C2, 4 Co,l 2 C3, 4 2 Ci,i 2 - 

2 A ciyc 3A z (-2 ci,i + c ,ic 3 , 4 ) 
72 A 2 ci, 2 2 c ,ici,i 3 + 92 A 2 ci,2 2 Co,i 2 c 3 ,4Ci,i 2 - 38 Vci,2 2 co,i 3 c 3 ,4 2 ci,i - 4 A) 2 c ,iCi,3C 3 ,4Ci,i 3 + 
4A 2 co.i 2 ci,3C 3 , 4 2 ci,i 2 - A 2 c .i 3 ci, 3 C3, 4 3 ci,i + 8B 2 2 C3.4 3 ci.i 4 + 5A 2 ci.2 2 c ,i 4 C3.4 3 ), in base change ©. 

□ 

Proposition 2.15. 

1. Two algebras L(C) and L(C) from £/f are isomorphic, if and only if 

(~ c 0,l + c 0,0 c m) 6 c 'l,2 (-C0.1 + C0.0C3A) 6 cf, 2 



„/5 „,7 5 7 ' 

C 3,4 C 0,1 C 3,4 C 0,1 

(- c 0,l + C 0,0 C 3,4) (- c 'l,3 c 0,l + 2c 'l,2 c O,o) _ (-C ,l + C . C 3 . A ) 7 (-Cl )3 Co,l + 2 C 2 , 2 C , ) 5 

„/5 „/14 _ 5 14 ■ 

C 3,4 C 0,1 C 3,4 C 0,1 

c 0,l + C 0,0 C 3,4) ,„„ / /3 ,2 _ , , / , , , , ,2 „_ ,3 / / 



„/21 „/10 
c 0,1 L 3,4 



l z ' C 3,4 C 1,2 C 0,0 y C 3,4 C 1,2 C 0,0 C 1,3 C 0,1 "+" C 3,4 C 1,4 C 0,1 00 c 1,2 C 0,0 C 0,1 



o / / /2 x 5 (— Co,l + Co,oC3,4) 3 2 „ 2 

^ c l,2 c 2,4 c 0,l) = 21 10 (27c 3 ,4Ci, 2 C , - 9c 3 ,4Ci, 2 C ,oCl,3Coa + C 3 , 4 Ci,4C ,i - 

c 0,l c 3,4 

36c l,2 c 0,0C0,l - 2ci, 2 C 2 , 4 Cg i) 5 . 

For any Ai, A 2 , A3 G C, there exists L(C) G f/f : - — — — 3 ' 4 ^ — hi _ ^ 

C 3,4 C 0,1 

(-c ,i +co, c 3 , 4 ) 7 (-ci )3 c ,i + 2c 2 2 c , ) (-Co,i + c , c 3 ,4) 8 3 2 

3—14 ~ A 2> 3r30 ^'C 3 , 4 Ci 2 C 00 - 

C 3,4 C 0,1 c 0,l c 3,4 
9c 3 , 4 Ci,2Co,oCl,3Co,l + C 3 , 4 Ci, 4 Co,i - 36c 3 , 2 C ,0C0,l - 2ci, 2 C 2 ,4Cg i) 5 = A3. 

Then orbits in C/f can be parameterized as L (0, 1, 0, Ai, A 2 , A3, 0, — 32Ai, 0, 1) , Ai, A2, A3 G C. 
Proof. The respective value of coefficients in the base change © are: 

, -4oco,o D Aq (-c ,i + C0.0C3.4) 

A-l = , -Dl = , 

c 0,l c 3,4Co,l 

and 

B3 = —TT-l o T7 ; r(~A) 2 C2.4Co.l 4 + 2 A 2 C 2 ,4Co,oC3,4Co,l 3 - A 2 C 2 ,4Co,0 2 C3,4 2 Co,l 2 - 

2A c ,i ,i c 3 A (-c ,i +00,003,4) 

18^ 2 Cl,2 2 C ,0C0,l 3 + 46^ 2 Cl,2 2 C ,0 2 C3,4 c 0,l 2 - 38^ 2 Cl,2 2 C ,0 3 C3,4 2c 0.1 - A) 2 C0,0Cl,3C3,4 c 0,l 3 + 

2 -4o 2 Co,0 2 Cl,3C3,4 2c O,l 2 - A) 2 C0,0 3 Cl,3C3,4 3c 0,l + S2 2 C 3 ,4 3 C ,1 4 + 10 A) 2 Cl,2 2 Co,0 4 C3,4 3 )- □ 
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Proposition 2.16. 

1. Two algebras L(C) and L(C) from £/| are isomorphic, if and only if 

l /9 /6 9 6 

C 0,0 C 1,2 C 3,4 C 0,0 C 1,2 C 3,4 



-2 6? 



(-2 c'f i2 + ci )3 4 i4 ) (-2 c 2 2 + c li3 c 3 ,4j 

" J— ' ; T2 ( 9 c 3.4 c 'l,3 + 4 c 3.4 c i.4 c 'l.2 ~ 72 c' x 2 C 1,3 — 8 c' 12 C 2 



1,2 t >-i i 3 , -3 i 4 / / 
C3,4 



-2c\ 2 + Ci )3 C 3i4 ) 



1 c 3,4Ci >3 + 4 c 3: 4Ci i4 ci i2 - 72 c 2 2 ci l3 - 8 c\ 2 c 2 a) 



Co OC? 2 C 6 4 

,3. For any Ai, A 2 G C, i/iere exists L[C) G E/f : : ; ! » = Ax, 

(-2cf 2 + ci j3 c 3i4 ) 

C3 > 4 „ „2 , A „ „ „ -TO „2 „ n 2 



-2cf 2 + Ci j3 c 3)4 ) 



(9c M c 2 3 + 4 c 3)4 ci, 4 ci )2 - 72ci 2 ci,3 - 8c 2 2 c 2 , 4 ) = A 2 . 



Then orbits in E/f can oe parameterized as L (Ai, 0, 0, 1, 0, A 2 , 0, —2, 0, 1) , A 4 , A 2 G C. 
Proof. Here, 

2ci, 2 2 - Ci, 3 C 3 , 4 (2C1. 2 2 - Ci. 3 C 3 . 4 ) Ci.3 ( 2c i,2 2 - ci, 3 c 3l4 ) 

^0 = „ , A l — 5 , £>i — 



2c 3i4 ci, 2 4c 3i4 ci i2 3 4c 3j4 2 ci i2 3 

and 

#3 = — ^■(-16c 2 , 4 ci, 2 10 + 32c 2i4 ci ;2 8 ci, 3 c 3 , 4 - 24c 2;4 ci i2 6 ci, 3 2 c 3;4 2 + 

8c 3l4 d ci )2 6 (2ci )2 2 - ci, 3 c 3 , 4 ) 

8c 2 , 4 ci. 3 3 c 3 . 4 3 ci, 2 4 - c 2 . 4 ci.3 4 C3, 4 4 Cl ,2 2 - 144 c li3 ci, 2 10 + 320ci,3 2 ci, 2 8 c 3 . 4 - 280 ci. 3 3 ci, 2 6 c 3 , 4 2 + 

120ci,3 4 C3, 4 3 Cl , 2 4 - 25ci, 3 5 c 3 , 4 4 ci, 2 2 + 2ci/c 3 ,4 5 + 16S 2 2 c 3 , 4 5 c li2 8 ). □ 

Proposition 2.17. 

. ^13 '"'O ^13 ^0 j 

1. Two algebras L(C) and L(C) from C/g are isomorphic, if and only if — ^ — = — . 

c 'l,4 c 3 ,4 C 1,4 C 3,4 

2. For any A G C, there exists L(C) G U% : l' 3 = A. 

C 1,4 C 3,4 

Then orbits in U% can be parameterized as L (A, 0, 0, 0, 1, 1, 0, 0, 0, 1) , A G C. 

Proof. For this case, we put in the base change (O the following coefficients, 

ci, 4 ci. 4 + Aic 3i4 ei j3 
A) — , £>i — , 

Cl,3 c 3i4 ci i3 

and 

B 3 = = g-p — r(~ci, 4 4 c 2i4 - 2 A 1 c 1 , 4 3 c 2 , 4 c 3i4 c 1 3 - A 1 2 ci. 4 2 c 2i4 c 3j4 2 Ci. 3 2 + 

&C\,ZCl,i \ Cl A + ^l c 3,4Cl,3j 

18 ^iCi i2 2 ci i4 3 ci, 3 +46 ^i 2 ci, 2 2 ci i4 2 c 3 , 4 ci, 3 2 +38 ^i 3 ci/c m c 3 , 4 2 ci/+^iCi, 4 3 C3, 4 ci,3 2 +2 Ai 2 c M 2 c 3 , 4 2 ci i3 3 

^l 3 Cl, 4 C 3 , 4 3 Ci :3 4 + S 2 2 Ci i4 2 C 3 , 4 3 Ci,3 2 + 10 A 1 4 Ci, 2 2 C 3 , 4 3 Ci,3 4 ). □ 



Proposition 2.18. 



20 



On low-dimensional filiform Leibniz algebras and their invariants 



1. Two algebras L(C) and L(C) from U^ 1 are isomorphic, if and only if 

( 4c o,o c 'i,i - c 'o,i) c '2,3 _ (4co,oCi,i -<$,i) 2 <% i3 



„/5 „5 
C 1,1 



4 



c' 12 C12 I c i,3 c i,i + c 'i,2 c o,iJ 



C 2,3 C 2,3' ^2,3^1,1 4,3 C 1,1 

( 2 C 2,4 C 'l,l _ 3 c 2,3 C 0,l C 'l,2 + 3 c '2,3 C 0,l) (2 C 2 , 4 C M ~ 3 C 2 , 3 C ,1 C 1,2 + 3 c| 3 C ,l" 



„/3 „/5 „3 „5 

c 2,3 C 1,1 L 2,3 C 1,1 

5. For any Ai, A 2 , A3, A4 G C, f/iere exists L(C) G U^ 1 : 

(4co, Cl,l -^l) C 2,3 , Ci.2 

5 =Al, — A2, 

c l,l C 2,3 

(— ci,3Ci,i + Ci )2 co,i) 4 _ (2c 2 ,4Ci,i - 3 c 2 ,3Co,ici,2 + 3 c 2 3 c 0i i) 4 _ 

5 E 1 — A3, o E ■ — A4. 

2,3 t l,l C 2,3 C 1,1 

Then orbits in Ug 1 can be parameterized as L (Ai, 0, 1, A2, A3, 0, 0, 1, A4, 0) , Ai, A2, A3, A4 6 C. 

A c A 2 1 

Proof. For this case we put, A\ = — — — — , B\ = , B 3 = — — * (4 B 2 2 c 2 3 3 ci i 2 + 

2ci,i c 2:3 8A c 2 , 3 2 c M 2 

4^ 4 ci,4Ci i i 2 + 2,4 4 co,i c i,3C2,3C M _ 10^o 4 ci,2Co,iCi,3Cia + 5 A 4 ci i2 3 c ,i 2 - ^o 4 ci,2 2 co,i 2 c 2 , 3 ) and 

B i = „ n : 4 1 5 t( 8 B 2 3 c 2 ,3 5 ci,i 3 ~ 20 Vc2,4Ci, 2 3 c ,i 2 ci,i + 16 A 6 c li5 c 2t3 c 1A 3 - 16 A 6 c 2A c 1A c 1 , 1 3 - 

48 A 4 c 2 ,3 3 ci,i 3 

24^ 6 co,ic li 3 2 c 2 , 3 c 1 , 1 2 + 17A 6 c 0!l 3 c li2 4 c 2 , 3 + 12 B 2 2 c 2 /A 2 c 0A c h2 c 1A 2 - 48 A ? ,A b c 1 . 2 c 2 . 3 2 c 1 . 1 ? ' + 
48 £ 2 A 2 AjV^/cm 3 - 21 Ao 6 co,i 3 c li2 3 c 2) 3 2 - 12 A 6 c 1 . 2 c . 1 c 1A c 2 . 3 c 1 . 1 2 - 6 ^o 6 c li2 2 c ,i 2 c 1 ,3C 2 , 3 c 1 , 1 + 

30 j4o 6 Ci,2Co,1 2 Ci i 3C 2; 3 2 Ci i i+40 A 6 C 2i 4Ci i2 Co,iCi i 3Ci i i 2 +30 J B 2 Vci, 2 3 co,i 2 c 2i3 2 ci,i+24 B 2 A A Cl,4C2,3 2 Cl,l 3 4 

12 B 2 A 4 co,iCi,3C 2 ,3 3 ci,i 2 - 60B 2 A 4 ci i2 co,iCi i 3C 2;3 2 ci ; i 2 - 6S 2 A 4 ci i2 2 c ,i 2 c 2i 3 3 ci i i). □ 

Proposition 2.19. 

1. Two algebras L(C) and L(C) from U% 2 are isomorphic, if and only if 



c'i,2 _ Ci. 2 (- C 'l,3 c 0,l + 2c U C 0.o) _ (-Ci j3 Co,l + 2c 2 j2 c 







c 2,3 L 2,3 c 2,3 C 0,1 C 2,3 C 0,1 

( C 2,4 C 0,1 _ 3 C 2,3 C 0,0 C 'l,2 + 3 C '2,3 C 0,o) _ (c 2 , 4 C Q ,i - 3 C 2t3 C . C 1 . 2 + 3 C^gCQ.o} 



5 



„/5 /6 „5 „6 

C 2,3 C 0,1 C 2,3 C 0,1 



2. For any Ai, A 2 , A3 G C, there exists L{C) G U$ 



12 . 



Ci >2 _ (-01,300,1 + 2cf 2 co,o) _ (C2,4Co,l - 3 C 2i3 C ,0Cl,2 + 3 C2 j3 Co,oJ 

— — — 5 6 ' — 2 ' 5 6 '' 

c 2,3 C 2,3 C 0,1 C 2,3 C 0,1 



Then orbits in U% 2 can be parameterized as L (0, 1, 0, Ai, A 2 , 0, 0, 1, A3, 0) , Ai, A 2 , A3 G C. 
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Proof. Here, A 1 = -^£££, B 1 = ^L, B 3 = - - 2 1 - 2 (B 2 2 c 2 .3 3 co.i 2 + Vc M c .i 2 + 

C0,1 C 2 ,3 2i C 2 ,3 2 C ,i 2 

-4o 4 co,oCi,3C2,3Co,i - 5 ^4o 4 ci,2Co,oCi,3Co,i + 5 A) 4 ci,2 3 co,o 2 - -4o 4 ci,2 2 co,o 2 C2,3) and 

S 4 = —T± 5 r(-B 2 3 C 2 .3 5 C .l 3 - 10^ 6 C2,4C1,2 3 C0 1 2 CO,1 + 2 A 6 Cl , 5 C 2 , 3 C Q A 3 - 2 J 4o 6 C 2 .4Cl.4C .l 3 - 

6A c 2 . 3 A c y 

6 A 6 c , ci,3 2 C2,3Co,i 2 + 17^4o 6 co,o 3 ci, 2 4 C2,3 + 3-B 2 2 C2,3 4 -4o 2 co,oCi,2Co,i 2 - 6 A 3 ^ 5 ci, 2 C2,3 2 co,i 3 + 

6S 2 ^2^0 3 Cl,2C2,3 3 C0,l 3 - 21 A 6 C ,0 3 Cl,2 3 C2,3 2 ~ 3 A & Ci , 2 Cq fiCi A C 2 , 3 Cq A 2 - 3 A 6 Ci i2 2 C0,0 2 Cl,3C2,3C0,l + 

15 A 6 ci i2 c ,o 2 Ci,3C2,3 2 Co,i+10 ^o 6 C2,4Ci,2Co,oCi :3 c ,i 2 +15 -B 2 A 4 c 1 ,2 3 c ,o 2 C2, 3 2 co,i+3 B 2 A 4 c li4 C2, 3 2 co,i 3 + 
3 B 2 A 4 c 0fi c ly3 C2^ 3 c 0il 2 - 15 J B2A 4 c 1 , 2 Co,oCi, 3 C2,3 2 co,i 2 - 3 B 2 A) 4 Ci,2 2 co,o 2 C2,3 3 coa)- 1=1 

Proposition 2.20. 

1. Two algebras L(C) and L(C) from U 13 are isomorphic, if and only if 

/7 ,12 i 7 12 I 

c 2,3 C 1,2 C 0,0 C 2,3 C 1,2 C 0,0 C x 2 C\ o 



(-3c' 13 C 23 c' 12 +3c' 13 4 3 +2c' 2 i2 C 2i 4) 6 (-3ci,3C2,3Cl, 2 +3ci,3c| 3 +2c 2 i2 C2,4) 6 ' C 2,3 C 2,3 



I?. For any Ai G C and A 2 G C*, there exists L(C) G E/g 



13 



7 12 

C 2,3 C 1,2 C 0,0 Ci.2 _ 

— A 2 . 



(-3 Ci )3 C2,3Cl,2 + 3 C 1)3 cl 3 + 2 C 2 2 C 2i4 ) 6 c 2,3 

T/ien orbits in U 13 can be parameterized as L (Ai, 0, 0, A2, 0, 0, 0, 1, 1, 0) , Ai G C and A 2 G C* 
3ci. 3 c 2 ,3Ci,2 + 3ci. 3 c 2 , 3 2 + 2ci.2 2 c 2 , 4 . -A a, 3 A 2 

1 



Proof. Here, we take A = : ; ! ■ — 5 : — , Ai = i?i - 

2c 2 ,3Cl,2 2ci,2 C 2 ,3 

B 3 = , 2 _ % 7(4^2 2 C2,3 3 Ci,2 2 + 4 A 4 c 1A c 1 . 2 2 + A * Cl /c 2 , 3 - 5 A 4 c h3 2 c h2 ) , and 

1 



^4o C 2i3 2 Ci, 2 2 



B 4 = - - , 4 : : r(-8 B 2 3 c 2 /c h2 3 - 20 Vc 2 , 4 ci, 3 2 ci, 2 2 - 16 Ao 6 c 1 , 5 C2 l3 c 1 , 2 3 + 16 A 6 c 2A c 1A ci,2 3 + 

48 Vc 2 , 3 3 ci, 2 3 

13A 6 ci,3 3 c 2 ,3Ci, 2 -12B 2 2 C2i 3 4 Ao 2 c li 3Ci, 2 2 +48^3^o 5 ci,2 4 c 2 ,3 2 -48S 2 ^ 2 A 3 ci, 2 4 c 2 ,3 3 -9A 6 Cl ,3 3 C2,3 2 + 
12 ^4 6 ci,3Ci,4 c 2,3Ci,2 2 + 30 -B 2 A 4 ci i3 2 c 2 ,3 2 ci, 2 2 - 24 -B 2 A 4 ci i4 c 2 ,3 2 ci i2 3 - 6 B 2 Ao 4 ci,3 2 c 2 ,3 3 ci, 2 ). □ 

Proposition 2.21. 



1. Two algebras L(C) and L(C) from Ul 4 are isomorphic, if and only if -y— ■ = 

C 2,3 C 2,3 



2. For any A G C, there exists L(C) G U 14 : — = A. 

C2 : 3 



Then orbits in U$ can be parameterized as L (1, 0, 0, A, 0, 0, 0, 1, 0, 0) , A G C*. 

A c h3 _ A 2 <iB 2 2 c 2 , 3 3 c h2 2 + 4A 4 c 1ACl , 2 2 + A 4 c h3 2 c 2 , 3 -5A 4 c h3 2 c h 



Proof. Here, Ai = - " Bt = — , B, 



2 Cl,2 2 ' C 2 ,3 ' 8 A 2 C 2 ,3 2 Cl,2 2 

andB 4 = <n - ~ l t(-8B2 3 C2.3 5 ci,2 3 -20^o 6 C2. 4 ci.3 2 ci.2 2 -16Ao 6 ci, 5 c 2 ,3Ci, 2 3 +16^o 6 C2. 4 ci. 4 ci. 2 3 + 

48A 4 C 2 ,3 3 Ci, 2 3 

13 A 6 ci,3 3 C2,3Ci, 2 - 12 B 2 2 c 2 ,3 4 Ao 2 ci i3 ci, 2 2 + 48 A3 Vci, 2 4 c 2 , 3 2 -48 B 2 A 2 Vci, 2 4 c 2 , 3 3 -9 A, 6 ci, 3 3 c 2 , 3 2 + 
12 ^ 6 ci,3Ci, 4 c 2i3 ci, 2 2 + 30 £ 2 Ao 4 ci i3 2 C2,3 2 ci,2 2 - 24 S 2 ^o 4 ci, 4 c 2 , 3 2 ci,2 3 - 6 5 2 A) 4 ci,3 2 c 2 , 3 3 ci, 2 ). □ 

Proposition 2.22. 

1. Two algebras L(C) and L(C) from Ui 5 are isomorphic, if and only if -y— = -^ L . 

c 2,3 C 2,3 

2. For any A G C, there exists L(C) G U 15 : — = A. 

C2,3 

Then orbits in U 15 can be parameterized as L (0, 0, 0, A, 0, 0, 0, 1, 0, 0) , A G C*. 
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D , „ . . A0C1.3 „ A - 4 J B 2 2 C 2 .3 3 Cl,2 2 +4A 4 Ci, 4 Ci.2 2 + A Ci, 3 2 C 2 ,3 - 5A 4 Ci. 3 2 Ci,2 

Ptoo/. Put, Ai = j, Pi = , B 3 = — — ! , 

2C1,2 2 C 2 ,3 SA C 2 , 3 2 Cl,2 2 

andP 4 = <n - 4 -1 -(-8P2 3 C2,3 5 ci,2 3 -20^o 6 C2,4Ci,3 2 ci,2 2 -16Ao 6 ci i5 c 2i 3Ci, 2 3 +16^o 6 c 2 ,4Ci,4Ci, 2 3 + 

48A 4 c 2 , 3 3 Ci i2 3 

13 A 6 Ci,3 3 C2,3Cl )2 - 12 P 2 2 C 2 ,3 4 A) 2 Cl,3Cl,2 2 + 48 A 3 Vci^Cs/ - 48 P 2 ^2 A^ Cl /c 2 / - 9 Ao 6 Ci, 3 3 C2,3 2 + 
12 Ao 6 C li3 Ci, 4 C 2i 3Cl, 2 2 + 30 P 2 A) 4 Ci, 3 2 C 2 ,3 2 Cl, 2 2 - 24 B 2 A^C 1A C 2 ^ - 6 P 2 A 4 Ci,3 2 C2,3 3 Cl,2). □ 

Proposition 2.23. 

c' c' ^ 

J. Two algebras P(C) and L(C') from Pg 6 are isomorphic, if and only if -— - — ^— = -— - — 

c i,3 Cl ' 3 

7, 



2. For any Ai G C, tfiere mste P(C) G P 8 16 : C2 ' 3 C °'° = Ai- 

Cl,3 b 

XTien orbits in Pg 6 can oe parameterized as L (Ai, 0, 0, 0, 1, 0, 0, 1, 0, 0) , Ai G C 



c l,3 



Proof For this case wc put Aq = — — ,A\ = — '■ ^- , Pi = — +r , P ; 



Cl,3C2,4 Ci i3 2 3 P 2 2 C 2j3 8 + 3 Ci i3 4 C M C 2 ,3 - Ci i3 5 C 2 , 4 



C2.3' * 3c 2 ,3 3 ' 1 C 2 ,3 3 ' 3 6 Cl,3 2 C2" 5 



,3 1-2,3 

and P 4 = jr(P2 3 C2,3 12 + 2ci ;3 6 Ci i5 C2,3 2 - 2ci,3 6 C 2 ,4Cl,4C 2 ,3 + 2 Cl 3 8 C 2 ,4 + 3 P 2 C X 3 4 Ci 4 C 2 , 3 5 

6ci i3 4 C 2 ,3 b 



P2Cl,3 5 C 2 ,4C 2 ,3 4 )- □ 

Proposition 2.24. 

1. Two algebras L(C) and L(C') from Pg 9 are isomorphic, if and only if 

(4 c o,o c 'i,2 ~ 2 c' 13 c' 01 c' 12 + c' 13 c[ c' 12 (4 c 0) 0Ci 2 — 2 Ci i3 Co,lC 2 ;2 + cf 3 Ci,i) c\ 2 



" 1A 



( C 1,3 C 1,1 + c 0,l c, l,2) ^1,2 _ (-Ci, 3 Ci,i + C 0A cl 2 ) cf 2 C^gC^i _ cf 2 C M 

35 — 15 ' ~~Jl ~~ ~~ ^4 ' 

C 2j 4 L 2 ,4 C 2 4 4,4 

4 c' M c l,2 - 5 c'13 _ 4 Ci,4Cl,2 - 5 c\ z 
c 2,4 C 2,4 

of \ \ \ \ c tr * •* Tin\^Tm ( 4 c o,o c l 2 - 2 ci, 3 co,icf 2 + c 2 ;3 c M ) cj |2 

£. i*or any Ai, A 2 , A3, A 4 G L, r/iere exists P(C) G Pg : g = Ai, 

C 2,4 

(-ci, 3 ci,i + c ,ic 2 >2 ) cf 2 cf,2 c i,i 4ci. 4 ci. 2 - 5cf 3 

5 ■ — A 2 , — — A3, 2 _ — ^4- 

c 2,4 C 2,4 c 2,4 

Then orbits in Pg 9 can be parameterized as L (Ai, A2, A3, 1, 0, A 4 , 0, 0, 1, 0) , Ai, A2, A3, A 4 G C. 

r> £ Ti 4- A C 2-4 A Ci 3 C 2 4 C 2 4 2 

Proo/. Put A = — -, A\ = -— —, Pi = — '—, and 

Cl,2 2ci, 2 d Ci i2 d 

P3 = Z \ o(8c 2 ,4 3 Cl.3 3 +4P 2 2 Ci. 2 8 - 12C2.4 3 C1. 3 C1.4C1.2 +4c 2 .4 3 Cl. 5 Cl.2 2 +C 2 ,4 4 C1.3 2 ). 

8ci i2 5 c 2 ,4 2 

□ 
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Proposition 2.25. 

1. Two algebras L(C) and L(C) from £/|° are isomorphic, if and only if 

,3 c l,3 c 1,4 c l,4 



(4< < 1 -ct 1 ) _ (4c , c m -4 1 ) 3 c io 4 ci, 



C 1,1 c l,l c 2 ,4 c 2,4 C 24 C 1;1 C2,4 C 1,1 



I?. For any A x , A 2 , A 3 G C, ttere exists L(C) G C/|° : 

(4^,001,1 - eg 1 ) 3 4 4 _ ci, 3 



If) x ' ^ 1 9 

C l,l C 2,4 C 2,4 C 1,1 

Then orbits in £/|° can be parameterized as L (Ai, 0, 1, 0, A2, A3, 0, 0, 1, 0) , Ai, A2, A3 G C. 
Proof. Here, 

A c 0A D A 3 2S 2 2 c 2 .4 3 ci,i - 3A 6 c ,iCi,3 2 +2A 6 ci. 5 ci,i + Ao 6 co.iCi, 3 c 2 , 

A\ = —— , B\ = , and B 3 = 



2ci,i ' C 2 ,4 ' 4A 3 C 2 ,4 2 Cl,l 

Proposition 2.26. 

1. Two algebras L(C) and L(C) from U^ 1 are isomorphic, if and only if 

r' n r' 5 e 5 

c l,3 Ci,3 C 1,4 C 14 



□ 



C 2 ,4 C 2,4' c'2, 4 C ,i C§,4 C 0,1 

5 

2. For any Ai, A9 G C, there exists L(C) G Ud 1 : — — = Ai, - 1,4 — = A2. 

C 2 ,4 C 2,4 C 0,1 

Then orbits in t/g 1 can be parameterized as L (0, 0, 1, 0, 0, Ai, A 2 , 0, 0, 1, 0) , Ai, A2 G C. 
Proof We put, 

. A C 0fi A 3 -B 2 2 C 2 ,4 3 C .i - 3 A 6 C .oCi.3 2 + ^0 6 Cl.5C .l + A 6 C ,oCl.3C2.4 

Ai = , ±>i = , and ±13 = — o ■ ■ — . 

C0,1 c 2,4 2A C 2 ,4 2 Co,1 



□ 



Proposition 2.27. 

1. Two algebras L(C) and L(C) from J7| 2 are isomorphic, if and only if 

18/8 1 

c 2,4 C 0,0 _ C 2,4 C 0,0 c l,3 _ Ci, 3 
C'i, 4 C{ 4 C 2A C 2 , 4 

2. For any Ai, A 2 G C there exists L(C) G ?7| 2 : 2 't — = Ai, — — = A 2 . 

C(, 4 C 2 , 4 

Then orbits in U% 2 can be parameterized as L (Ai, 0, 0, 0, A 2 , 1, 0, 0, 1, 0) , Ai, A 2 G C. 
Proof. We put here, 

, Cl,4 D Ci, 4 3 . D S 2 2 C 2 .4 9 + 3ci. 4 5 AiCi.3 2 C2.4 + Cl.4 6 Cl. 5 - Ci.4 5 AiCi. 3 C2.4 2 

A) = , B 1 = — —j, and B 3 = — = ! ! — . 

C 2 , 4 C 2 ,4 4 2c 2 ,4 5 Ci,4' :i 

□ 
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Proposition 2.28. 



c 1.3 Ci ; 3 



1. Two algebras L(C) and L(C) from C/f 3 are isomorphic, if and only if — 

c 2,4 c 2,4 

2. For any A G C*, there exists L(C) £ C/| 3 : — = A. 

C2,4 

Then orbits in [/| 3 can be parameterized as L (1, 0, 0, 0, A, 0, 0, 0,1,0), A 6 C*. 
Proof. Put 

2 „ 3 



A) , R 3 A^A^y + B 2 z c 2 / + A °c h5 - ^ A lCl; 3C 2 



Bi = , and B 



4 



3 



C 2 ,4 ' 2A 3 C 2 ,4 2 

Proposition 2.29. 

1. Two algebras L(C) and L(C') from [/f 4 are isomorphic, if and only if -i— = — — -. 

c 2,4 c 2,4 

2. For any A 6 C*, there exists L(C) <E C/| 4 : — = A. 

C2,4 

Then orbits in [/| 4 can be parameterized as L (0, 0, 0, 0, A, 0, 0, 0,1,0), A £ C*. 
Proof. Here, 

V , D 3 A 5 A lCh3 2 + B 2 2 c 2A 3 + A 6 Cl , 5 - A 5 A lCu3 c 2A 
B\ = , and -B3 - 



C 2 ,4 2A 3 c 2 ,4 2 

Proposition 2.30. 

1. Two algebras L(C) and L(C) from £/| 5 are isomorphic, if and only if 

4 c 0,0 c 'l2 ~ 2 c i,3 c 0,l c 'l,2 + c 'l,3 c 'l,l) c 'l,2 (4 C , C 4 2 ~ 2 Ci, 3 C ,lC 2 2 + C 2 3 C M ) C? 2 



4c' 14 c' 12 - 5c' 2 , 3 ) 3 (4c M ci, 2 - 5c 2 i3 )' 

" c i,3 c i,i + c o,i c 'i,2) c 'i,2 (-ci, 3 c ia + c 0A c\ 2 ) 2 c\ 2 



(4c' M Ci,2 - 5c' 2 , 3 ) 5 (4ci, 4 ci,2 - 5c 2 j3 ) 5 

C 'l,2 c 'l,l C 1,2 C 1,1 



( 4 c'i,4 c i,2 ~ 5 c' 2 , 3 ) 2 (4 Ci,4Ci, 2 - 5 c\ 3 ) 2 ' 

( 2 c 'l,3 + c i,5 c 'l,2 ~ 3 c i,3 c i,4 c i,2) _ (2 c\ 3 + Ci, 5 C 2 2 - 3 01,301,401,2^ 



2 



(4c'i,4 c i,2 " 5c ' 2 ,3) 3 (4ci, 4 Ci j2 " 5c 2 3 ) 3 
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£?. For any Ai, A2, A 3 , A4 £ C, there exists L(C) £ C/| 

(4c , cf,2 - 2ci i3 co,ic 2 2 + c 2 3 ci,i) c\ 2 (-01,301,1 + co.ic 2 2 ) 2<:; i,2 

Ai, 



(4 Ci,4Ci,2 - 5 c\ j) (4 Ci, 4 Ci,2 - 5 cf 3 ) 



5 



. 2 



C 1,2 C M , ( 2c l,3 + C 1,5C 2 , 2 ~ 3ci, 3 Cl,4Cl, 2 ) 
' 2 — 3' ' 3" — 4" 

(4 Ci,4Ci, 2 - 5 c\ 3 ) (4 ci, 4 ci,2 - 5 c\ 3 ) 

XTien orbits in £/| 5 can oe parameterized as L (Ai, A2, A 3 , 1, 0, 1, A4, 0, 0, 0) , Ai, A2, A3, A4 £ 



□ 



□ 
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Proof. Here, 



, A0C13 A 

Ai = -- ' T , and B 1 = . 

2ci. 2 ^ Ci, 2 



Proposition 2.31. 

1. Two algebras L(C) and L(C) from J7| 6 are isomorphic, if and only if 

( 4 Co, c't 2 - Sci^c^c'^ + c'i i3 c'i,i) c'? 2 ^ (4c , cf, 2 - 2 c li3 co,ic? i2 + c? i3 ci,i) c?, 2 
(-7c'? ) 3+4c' 1)5 C? )2 ) 2 (-7c? i3 + 4 Cli5 cf i2 ) 2 

f — Cl.S !,! + c 0,l c 'l,2j c 'l,2 ( 



-Cl,3Cl,l + C ,lC? 2 ) 3 cf 2 



-7 4a + 4ci, 5 ct 2 ) 5 (-7c? )3 + 4c 1)5 cf i2 ) 5 

/9 /3 9 3 

C 1,2 C 1,1 C 1,2 C 1,1 



-7 C?, 3 + 4 c' 15 c'? 2 ) 4 (-7 cf 3 + 4 Cl , 6 c? 2 ) 



7-T . . . ., T/n \^TT26 (4 C , cf 2 - 2 Ci, 3 CQ,icj 2 + cj 3 Ci,i) cj ;2 

2. tor any Ai,A 2 ,A 3 G L, mere exists L(C) G t/g : 2 = Ai 

' -7c? , + 401,5^ 2) 



(-Cl, 3 Cl,l +C ,icf !2 ) of 2 _ Cl,2 c 14 _ A 

(-7c? i3 + 4c l!5C 2 2 ) 5 ' (_7 c 3 3 + 4ci5C 2^ 4 

27ien orbits in £/| 6 can 6e parameterized as L (Ai, A 2 , A3, 1, 0, 0, 1, 0, 0, 0) , Ai, A 2 , A3 G C. 
Proof. For this case, put in the base change (|9]), 

, A)Ci, 3 A Q 2 
Ai = j, and B x = . 

2C1,2 Z C1.2 



Proposition 2.32. 

1. Two algebras L(C) and L(C) from U% 7 are isomorphic, if and only if 
/ 4 1 , ,2 ,2 1 \ 2 

c' Qfi c' 12 - 2 c i,3 c : l c 'l : 2 + c 1,3 C 1,1 J (4 C ,ocf .2 - 2 Ci i3 Co,lC? 2 + Ci,3Cl,l] 



2 



„/3 /3 „3 „3 

c 1,2 C 1,1 L 1,2 C 1, 



(~ C 1,3 C 1.1 +^,1^1,2) _ (-Ci ;3 Ci,i + C ,i4 2 ) 4 

„r3 /5 „3 „5 

C i^C 1,1 L 1,2 C 1,1 



£ For any Ai, A 2 G C, there exists L(C) G £/f 7 



( 4c o,ocl,2 - 2ci, 3 co,icf 2 + c?, 3 ci,i) 2 _ (-ci, 3 ci,i + c ,ic^ 2 ) 4 _ 
3 — 5 — Ai, o — g — A 2 . 

C 1,2 C 1,1 C 1,2 C 1,1 

TTien orbits in [/| 7 can oe parameterized as L (Ai, A2, 1, 1, 0, 0, 0, 0, 0, 0) , Ai, A2 G C. 
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Proof. Put in the base change ©, 



A A)Cl,3 , R V 

A x = -- -, and B\ = . 

2ciy ci,2 



Proposition 2.33. 

i. Two algebras L(C) and L(C) from £/f 8 are isomorphic, if and only if 

5 



□ 



( 2c o,o c 'i,2 c i,3 c o,i) (2c , c 2 i2 - ci, 3 c ,i)" 



c 1,2 C 0,1 L 1,2 C 0,1 

g. For any Ai G C, f/iere erraste Z,(C) G C/| 8 : ( 2c °'° Cl '* ZSh^ll = Al . 

c l,2 c 0,l 

TTien orbits in £/| 8 can fee parameterized as L (Ai, 1, 0, 1, 0, 0, 0, 0, 0, 0) , Ai G C. 
Proof. For this case, we put 

A A)Cl,3 , R V 

= 5-, and i?i = . 

2ciy ci j2 

Proposition 2.34. 

i. Two algebras L(C) and L(C) from t/g 1 are isomorphic, if and only if 

c 'l,3 (^ _9 c 0,0 c 'l,3 + 3 c 'l,5 c 0,l c 'l,3 ~ c 'l,5 c l,l J cf 3 (-9 c , cf ,3 + 3 ci i5 co,ic 2 i3 - c\ , 5 Cl,l) 



□ 



,/7 

- 1,4 



c 'l,3 ( 2 C 1,5 C 1,1 3 c 0,l c 'l,3^ C? 3 (" 



2ci,5Ci,i +3co,icf 3 ) CigcVx c( 3 c ltl 



C'l,4 C l,4 ' 4,4 

of \ \ \ <=ir •* r^^rrsi c f,3 (~ 9 c o,ocf ;3 + 3 - c 2 ;5 c M ) 

2. i'or any Ai,A2,A3 G (L, mere exzsfs L{C) G t/g : = = Ai, 

c l,4 

c? 3 (-2c li5 ci,i + 3c ,ic 2 :3 ) _ x c 2 3 ci,i 

-1,4 



A2, 4 — A3. 



Then orbits in t/g 1 can be parameterized as L (Ai, A2, A3, 0, 1, 1, 0, 0, 0, 0) , Ai, A 2 , A3 G C. 
Proof. Here, we put in the base change © the following coefficients: 

A Cl - 4 A C l,4Cl,5 , „ Ci, 4 3 

A = , Ai = — — — , and B\ - 



Cl, 3 ' 3ci j3 3 ' Ci, 3 4 ' 

Proposition 2.35. 

1. Two algebras L(C) and L(C) from £/f 2 are isomorphic, if and only if 

3 

3 + 3 Ci )5 Co,lC? 3 - ^ 501,1! 



□ 



(-9 C 0,0 C 1,3 + 3 c i,5 c 0,l c 'l,3 " c 'l,5 c i,l) (-9 Cq,qc\. 1 



„/2 _/7 „2 7 

- 1,3 C 1,1 C 1,3 C 1,1 



(-2 (kjsA,\ + 3 c o,ic'i, 3 ) _ (-2 ci, 5 ci,i + 3 c ,ic 2 



3 ) 3 



c'i, 3 c'i.i c l,3cfi 
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2. For any Ai, A 2 £ C, t/iere exists L{C) G £/f 2 



-9 co,oCi i3 + 3 ci )5 co,icf 3 - cf i5 ci,i) _ (-2ci, 5 ci,i + 3c ,ic 2 , 



Ai j 

C 1,A,1 C l,3C?, a 

TTien orbits in £/| 2 can 6e parameterized as L (Ai, A2, 1, 0, 1, 0, 0, 0, 0, 0) , Ai, A2 £ 
Proof. We put 

, AqCi, 5 V 

A 1 = 5-, and B x = . 

3ciy Ci, 3 

Proposition 2.36. 

1. Two algebras L(C) and L(C) from J7| 3 are isomorphic, if and only if 

5 



( 3c o,o c 'i,3 c i,5 c o,i) _ (3c , c 2 i3 - ci, 5 co,i)" 



C 1,3 C 0,1 L 1,3 L 0,1 



(n 2 \5 

2. For any \ x E C, there exists L(C) G C/f : ' C °'° C ^ ~ ^,5C ,i) = ^ 

C 1,3 C 0,1 

Then orbits in £/| 3 can be parameterized as L (Ai, 1, 0, 0, 1, 0, 0, 0, 0, 0) , Ai 6 C. 
Proof. Here, 

Ai = '-, and B x = . 

3ci ;3 ^ Ci, 3 

Proposition 2.37. 

1. Two algebras L(C) and L(C') from £/f 6 are isomorphic, if and only if 

c'i 5 (4c'o,oci, 1 -c' 2 4 ) c{ 5 (4co, ci,i-4 1 ) c' M c' M c hlCl , 



r rW „10 ' .2 „2 

c 1,1 c 1,5 C l,5 



c l°5 (4c , Cl,l -40 ^ Cl,lCi,4 



2. For any Ai, A2 £ C, there exists L(C) G C/g : — ! '-^q- ; — = Ai 

c l,l c l,5 

XTten orbits in £/| 6 can oe parameterized as L (Ai, 0, 1, 0, 0, A2, 1, 0, 0, 0) , Ai, A2 € 



Proof. Her, we take 



^4 = — — , A\ = — , an d i>i 



Cl,5 2ci, 5 Ci, 5 



6 ' 



Proposition 2.38. 

1. Two algebras L(C) and L(C') from £/| 7 are isomorphic, if and only if 

Ci, 4 (4 Co )0 Ci,i - c\ fl ) cf , 4 (4 c , ci,i - c^) 
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T 37 . C M (4c , ci,i -c§,i) 



& For any A x G C, i/iere ezisfc £(C) G C/f 7 : ^ — = Ai. 

c i,i 

TTien orbits in £/| 7 can oe parameterized as £ (Ai, 0, 1, 0, 0, 1, 0, 0, 0, 0) , Ai G C. 
Proof. We put in the base change (HI), 



Cl,l „ AqCq.i , o C l,l 

, = — •-, and Si = 

Cl,4 icii Ci. 5 ° 



Proposition 2.39. 

1. Two algebras £(C) and £(C") from U%° are isomorphic, if and only if 

2. For any Ai G C there exists £(C) G : < ^h± = Ai. 

c l,5 

TTien orbits in C/g can oe parameterized as £ (0, 1, 0, 0, 0, Ai, 1, 0, 0, 0) , Ai G C. 
Proof. Here, 

Aqco.q Co i 
= , and i(i = . 

co,i Ci 5 



Co,l c l,4 C ,lC 1;4 



'1,5 



Proposition 2.40. 

£ Two algebras L(C) and L(C) from C/ 8 are isomorphic, if and only if 



9 9 

C 1,4 C 0,0 _ C 14 Co,o 

-8 ^8 
G l,5 c l,5 



^9 

,2. For any Ai G C there exists £(C) G : — ^ — — = Ai. 



u l,5 

TTien orbits in U% 3 can oe parameterized as £ (Ai, 0, 0, 0, 0, 1, 1, 0, 0, 0) , Ai G C. 



Proof. Finally, put 



A Cl > 5 J D C l,5 4 

^4 = — > an d i>i = r- 

Ci 4 Ci 4 5 



□ 



□ 



□ 



Proposition 2.41. 

' The subsets C/f, [/|, C7 8 7 , C/f, C/|, [/ 8 10 , t/ 8 17 , C/ 8 18 , C/f 9 , C7|°, C/f, [/f , C7f, Clf, f/ 4 \ 
J7 8 42 , C/ 8 44 , C/ 8 45 , [/ 8 46 , C/ 8 47 , C/ 8 48 andUf are single orbits with representatives £(1,0,0,0,1,0,0,0,0,1), 
F(0, 0,0, 0,1, 0,0, 0,0,1), £(1, 0,0, 0,0, 1,0, 0,0,1), £(0,0,0,0,0,1,0,0,0,1), £(1,0,0,0,0,0,0,0,0,1), 
£(0,0,0,0,0,0,0,0,0,1), £(1,0,0,0,0,0,0,1,0,0), £(0,0,0,0,0,0,0,1,0,0), £(1,0,0,1,0,0,0,0,0,0), 
£(0,0,0,1,0,0,0,0,0,0), £(1,0,0,0,1,0,0,0,0,0), £(0,0,0,0,1,0,0,0,0,0), £(1,0,1,0,0,0,0,0,0,0), 
£(0,0,1,0,0,0,0,0,0,0), £(0,1,0,0,0,1,0,0,0,0), £(0,1,0,0,0,0,0,0,0,0), £(1,0,0,0,0,1,0,0,0,0), 
£(0,0,0,0,0,1,0,0,0,0), £(1,0,0,0,0,0,1,0,0,0), £(0,0,0,0,0,0,1,0,0,0), £(1,0,0,0,0,0,0,0,0,0) 
and £(0, 0, 0, 0, 0, 0, 0, 0, 0, 0), respectively. 

Proof. To prove it, we give the appropriate values of Aq, Ai, A<x, A3, B\, B 2 ,B 3 and F4 in the base change 
©(as for other Ai, i = 4, 7, and Bj, j = 5, 6, 7 they are any, except where specified otherwise). 
For Ul and : 

Bi = A ° + AlC3 ' 4 ; and B 3 = — f" 1 r{A 3 c 2A + 2 A 2 c 2A A 1 c 3A + A Q c 2A A 1 2 c 3A 2 - 

c 3 ,4 2A c 3i 4 2 (A + A 1 c 3A ) 

AiCi i3 A 2 c 3A - 2Ai 2 ci^A c 3A 2 - Ai 3 ci, 3 c 3 , 4 3 - A B 2 2 c 3A 3 ). 
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For Ul and U| : 

A Q + A 1 c 3A 
B\ = and B 3 = 

C3,4 

For Ul and U|° : 



-1 



-0Vc 2: 4 + 2 AoC2 A A 1 c 3A + c 2A A x 2 c 3A 2 - B 2 2 c 3A 3 ). 



2c 3A 2 (A +A lC3 , 



A Q + A lC3A A 'c 2A + 2 A c 2A A lC3A + c 2A A x 2 c 3A 2 - B 2 2 c 3 / 
B\ = and B 3 = 



C3,4 



2c 3 , 4 2 (A + A lC3A ) 



For Ul 7 and U^ 8 : 



Ax = ^4, B 1 = *L, B 3 



B 2 2 c 2 . 3 3 + A 4 c 1A 



and 



Ba 



3c 2 ,3 2 ' * c 2)3 ' 2A 2 c 2 ,3 2 

B 2 3 C 2 , 3 5 ~ 2 A)V 5 C 2 , 3 + 2 A 6 C 2 ,4Cl, 4 - 3B2Vci, 4 C2,3 2 

6Vc 2 ,3 3 



For L/f 9 and U|° 



A ci, 3 , D A, 2 
= -, and i?i = . 

Cl,2 



2ci, 2 2 



For C/f 4 and U| 5 



A ci, 5 , D Aq 

A\ = it, and B 1 = . 

ociX Ci 3 



For t/f 8 and Uf 



For Ug 1 and U| 2 



For and Ul 5 



For t/ 8 46 and Uf 



Ai = — , and B\ = 

2cii cii 



Aj 



Aqc 0; ( 

Cq,1 



B, = 



Bt 



V 

c l,4 



Cl,5 



□ 



3 Conclusion 

1. In TLeibr we distinguished 26 isomorphism classes (12 parametric family and 14 concrete) of seven 
dimensional Leibniz algebras and shown that they exhaust all possible cases. 

2. In the case of TLeibs there are 49 isomorphism classes (27 parametric family and 22 concrete) and 
they exhaust all possible cases. 



References 

[1] U. D. Bekbacv and I. S. Rakhimov, On classification of finite dimensional complex filiform Leibniz 
algebras (part 1), (2006),[http://front.math.ucdavis.edu/[ ArXiv:math. RA/01612805. 



[2] U. D. Bekbaev and I. S. Rakhimov, On classification of finite dimensional complex filiform Leibniz 
algebras (part 2), (2007),|http://front.math.ucdavis.edu71 larXiviQ704.3885^1 [math.RA] . 



30 



On low-dimensional filiform Leibniz algebras and their invariants 



[3] J. R. Gomez, A. Jimcncz-Mcrchan and Y. Khakimdjanov, Low-dimensional filiform Lie algebras, 
Journal of Pure and Applied Algebra, 130 (1998), 133-158. 

[4] J. R. Gomez and B. A. Omirov, On classification of complex filiform Leibniz algebras, (2006), 



[5] J. -L. Loday, Une version non commutative des algebras de Lie: les algebras de Leibniz, L'Ens. 
Math., 39 (1993), 269-293. 

[6] J. -L. Loday and T. Pirashvili, Universal enveloping algebras of Leibniz algebras and 
(co)homology,Ma£/i. Ann., 296 (1993), 139-158. 

[7] B. A. Omirov and I. S. Rakhimov, On Lie-like complex filiform Leibniz algebras, Bulletin of the 
Australian Mathematical Society, 79(2009), 391-404. 

[8] I. S. Rakhimov and S. K. Said Husain, On isomorphism classes and invariants of low-dimensional 
Complex filiform Leibniz algebras (Part 1), |http: / /front. math. ucdavis.edu/| larXiv:0710.0121l 
vl.[math RA] (2007). 

[9] I. S. Rakhimov and S. K. Said Husain, On isomorphism classes and invariants of low-dimensional 
Complex filiform Leibniz algebras (Part 2), |http://front.math.ucdavis.edu/[ [arXiv:0806. 1803^1 
[math.RA] (2008). 

[10] Rakhimov, I. S., Hassan, Munther A., On low-dimensional filiform Leibniz algebras and their invari- 
ants. Bulletin of the Malaysian Mathematical Science Society, (to appear) 




